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ABSTRACT

We prove certain identities between Bessel functions attached to irre-
ducible unitary representations of PGL2(R) and Bessel functions at-
tached to irreducible unitary representations of the double cover of
SLy(R). These identities give a correspondence between such repre-
sentations which turns out to be the Waldspurger correspondence. In
the process we prave several regularity theorems for Bessel distributions
which appear in the relative trace formula. In the heart of the proof lies
a classical result of Weber and Hardy on a Fourier transform of classical
Bessel functions. This paper constitutes the local (real) spectral theory of
the relative trace formula for the Waldspurger correspondence for which
the global part was developed by Jacquet.
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1. Introduction

A classical result of Hardy and Weber states that the Fourier transform of the
function £1/2J,(z'/?) (defined for £ > 0) is given up to some exponential
factor by 71/2J, 2(az™!). Here J, is the classical J-Bessel function and a is a
constant depending on the exponential character defining the Fourier transform
(see Appendix 3 for the precise statement). In this paper we will show that
this identity can be used to realize the Shimura—Waldspurger correspondence
between representations of PGLo(R) and genuine representations of the double
cover of SL2(R). Roughly speaking, the Shimura correspondence maps cusp
forms of weight k + 1/2 to cusp forms of weight 2k where £ is a positive integer.
The Shintani-Waldspurger correspondence is the inverse map. A cusp form of
weight 2k (and trivial central character) has an infinite component which is a
discrete series representation of PGL2(R). The Bessel function of this discrete
series is related to 71/2 Jy;_1(x'/2). The infinite component of a cusp form of
weight k + 1/2 is a discrete series representation of the double cover of SL2(R)
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whose Bessel function is related to z=1/2J,_, /2 (az™!). Hence the Hardy—Weber
identity realizes the Shimura-Waldspurger correspondence!

More precisely, the correspondence will be realized by identities between
Bessel functions attached to these representations. These functions will be func-
tions on the group whose form will involve classical Bessel functions.

This result fits into the theory of the relative trace formula developed by
Jacquet and constitutes the local (“real”) spectral theory that complements the
global theory in [11]. Completely analogous results for the p-adic case were
obtained in [4]. This is the first study of the local (“real”) spectral theory of the
relative trace formula from the point of view of Bessel function identities. This
theory and the corresponding p-adic theory are used in [3] to study the central
value of PG L, automorphic L-functions.

We now give a sample of the Bessel identities that we obtain. Let

o {(3 ) een. a-{(s Y mren)

Let 7 be an infinite-dimensional unitary irreducible representation of G =
GLy(R) with a trivial central character (that is, a representation of PGLz(R)).
Let 91 (x) = €2™i% which we view as a character on N. We attach to 7 a function
ir,p, o0 G which is left invariant by A and right (1, N) equivariant. i, 4, is
real analytic on an open set in G (basically, the open Bruhat cell). Let o be
an irreducible genuine unitary representation of S, the double cover of SLy(R).
We attach to o a function j,,4, on S which is left and right (11, N) equivariant.
Jo,y. 18 real analytic on the open Bruhat cell in S. Our main theorem of this
paper (see Theorem 19.2) is the following:

THEOREM 1.1: Let m be as above. There exists a unique ¢ = o(x) as above
such that for every x > 0 we have

L1 in, (x{4 (1)) _ \/iemﬂe(?r’1/2)64”/%1/23},,% ( 91 —$> '
L(m,1/2) z 0

Here L(w,1/2) and €(m,1/2) are the L factor and epsilon factor attached to
7 by {10]. We remark that the values of i, 4, above determine m, hence the
correspondence is one to one.

The above identities are proved via a case by case computation of ¢y, and
Jo,u1 (see Corollary 8.4 and Section 18). In practice we prove a more general
identity between ¢, y and j, y for any two nontrivial characters ¢ and ¢’. The
correspondence 7 — o(7) is dependent on ¢’ and turns out to be exactly the
Waldspurger correspondence 7 — O(m,1'). We recall that for one fixed 7 there
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are exactly two possible o(7) depending on 9'. The image of all possible o(x) if
we vary m and ¢’ gives all the genuine unitary duals of S not including the Weil
representations r;z (see [22] p. 225 and Proposition 5) which are in the image of
the trivial representation under the theta correspondence.

We remark that ir 4 and j, 4 are attached to 7 and o via Bessel distributions
which are analogs of the more famous character distributions. For a general
discussion on such distributions, see Appendix 4. Our strategy for obtaining
the above equalities is the following. We consider four different types of distri-
butions:

(a) Bessel distributions for G = GLs(R).

(b) Bessel distributions for G, the double cover of G.

(c) Bessel distributions for S.

{d) Relative Bessel distributions for G.

The distributions in (a), (b), (c) are all equivariant under (N, ) from both
sides. The distributions in (d) are invariant on the left under A and equivariant
on the right under (N,1). We prove a regularity theorem for each distribution.
We recall that a regularity theorem proves that a given distribution is given by
a locally integrable function. These are the functions i, 4 and j, 4 mentioned
above. The relations between the distributions imply that the relative Bessel
function i, 5 on G is a certain Fourier transform of the Bessel function jr , on
G while the Bessel function j, on S is a restriction of a Bessel function of a
representation which is induced from o to G. The advantage of starting from
representations of G and G is that these representations have a Kirillov model
and it is possible to describe the action of the Weyl element in the Kirillov model
via a kernel formula. This is done in [5] for G. We give a proof of this formula
in Appendix 2. A proof of the formula for the case of the principal series using
a Mellin transform approach was obtained by Motohashi in [15]. (See also [20],
chapter VII section 7.) In Section 13 we prove a new kernel formula for G.

The kernel functions thus obtained induce functions on the group. Using
these kernel formulas and an inner product formula for the Kirillov model, we
show that the Bessel distributions for G and G (cases (a) and (b)) are given by
their respective Bessel functions.

We also use the relation between the distributions in (a) and the distributions
in (d) to get a relation between their Bessel functions. Using this relation
we can compute the relative Bessel function i, 4 via a Fourier transform and
the Hardy-Weber identities mentioned above. We also show that the Bessel
functions attached to distributions in (c) are restrictions of Bessel functions
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associated to distributions in (d). We compute them explicitly and the Bessel
identities follow immediately.

We finish by showing that the Bessel identity (1.1) gives an identity between
the distributions themselves (see Theorem 19.4). This identity is crucial for the
applications to special values of L-functions.

Our paper is organized as follows. In Section 2 we fix some notations and
prove a Lemma on Whittaker functions. In Section 3 we introduce the Bessel and
relative Bessel distributions on G and show that they are given by functions,
the Bessel and relative Bessel functions, on an open set of G. In Section 4
we give bounds on certain orbital integrals which we shall need for the local
integrability of the various Bessel functions. We also give an explicit asymptotic
expansion for the orbital integrals coming from the relative Bessel distributions.
In Section 5 we prove a regularity theorem for the relative Bessel distributions.
In Section 6 we recall the kernel formula of [5]. We extend the kernel function
to a Bessel function on G and show that this function is locally integrable. In
Section 7 we show that the Bessel distributions are given by the Bessel functions
which were defined in Section 6. In Section 8 we prove a Fourier transform type
relation between the Bessel functions and relative Bessel functions. We also give
explicit formulas for these relative Bessel functions. In Section 9 we introduce
some notation for G, the double cover of GL(2). In Section 10 we describe
the unitary dual of S following [7], [21], [22]. In Section 11 we give a kernel
formula in a certain model for an irreducible genuine unitary representation of
S. In Section 12 and Section 13 we translate this kernel formula into a kernel
formula in the Kirillov model of representations of G. We also use this kernel
function to define a Bessel function on G and give explicit formulas for these
functions. In Section 14 we prove that the Bessel functions defined in Section 13
are locally integrable. In Section 15 we provide an inner product formula in the
Kirillov model of irreducible unitary representations of GG and in Section 16 we
use the inner product formula for irreducible representations of G to get inner
product formulas for representations of S. In Section 17 we use the results from
previous sections to show that the Bessel distributions on G are given by Bessel
functions. In Section 18 we use the results from Section 17 to show that the
Bessel distributions on S are given by Bessel functions. Finally, in Section 19
we prove the Bessel identities for functions and distributions.

We also provide Appendix 1 in which we give some bounds on classical K-
Bessel functions. In Appendix 2 we prove the kernel formula of Cogdell and
Piatetski-Shapiro [5]. In Appendix 3 we compute the Fourier transform of cer-



6 E. M. BARUCH AND Z. MAO Isr. J. Math.

tain combinations of classical Bessel functions using the results of Hardy and
Weber mentioned above. In Appendix 4 we discuss Bessel-like distributions and
give a summation formula for them.

ACKNOWLEDGEMENT: We thank J. Cogdell, S. Gelbart, H. Jacquet, S. Rallis
and D. Soudry for their help. We thank R. Bruggeman and the referee for
carefully reading our original manuscript and pointing out some gaps in our
original arguments.

2. Notation and preliminaries

Let G = GLy(R) and S = SLy(R); let G = GLy(R) and 5§ = SLy(R) be the
double covers of G and S respectively. Let B = Bg be the Borel subgroup of
upper triangular matrices in G and Bg the Borel subgroup of upper triangular
matrices in S. Let A = Ag be the subgroup of diagonal matrices. Let Ag be
the subgroup of diagonal matrices in S. Then As = {s{a) : a € R*} where

s{a) = (a a_1>'
N={n(y)= (1 ?{) :yeR}.

Let N be the group of lower unipotent, elements. Let
_ {1 0 (-1 0 _ {0 -1 W = 01
“lo 1) 2T o 1) YTl o) YT o)
a _ 1 _fc
=" ). a=(t ) w@=(",)

Let g = glo(R) be the Lie algebra of GLy(R). We will denote Lie algebra
elements using capital letters. Let

_ {01 {0 0 (1 0 {10
=(00) v=(0) m-( %) e=(3 1)
Fix A € R* and let ¥ be a character of N given by

Y(n(y)) = ¥aly)

where ¥ (y) = €™, We will confuse v with 5. Let d;z be the standard
Lebesgue measure on R and let dr = d)z be a Haar measure on R which is
self-dual with respect to ¥ = ¢». Then

Let

(2.1) dz = dyz = |\|'/2d;x.
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We let d*z = diz = dz/|z|. For f € L'(R) we define the A-Fourier transform
by

22  fw)=Fu= / F(2)yb(—ay)da = / f(@)e g
It is easy to see that

(2.3) ) = N2 /).

Let dg be a Haar measure on G = GL2(R). We normalize dg so that dg =
la|~2dzd* cd*ady on the set of elements of the form n(z)z(c)s(a)wn(y).

Let = be an infinite-dimensional irreducible unitary representation of G =
GLy(R) on a Hilbert space H. Let H,, be the subspace of H of smooth vectors
with the usual topology. Let 1 = 9 be a nontrivial character of N as above.
It is well known [10] that there exists a unique up to scalar non-zero continuous
linear functional L on H, satisfying

(2.4) L(r(n)v) =y(n)L(v), n€N, v € Hy.
We say that L is a ¢ Whittaker functional on H,,. Let
(2.5) Wy(g) = L(n(g)v),v € Heo.

The following Lemma was communicated to us by David Soudry.

LEMMA 2.1: Let v € Hy, f,g9 € C®(R*) and assume that f(a)W,(t(a)) and
g(a)W,(t(a)) are in L}(R*,d*a). If

[ H@Wamut@)dra= [ o(@Wmltia)da
for alln € N, then f(a)W,(t(a)) = g(a)Wy(t(a)) for all a € R*.

Proof:
[ HaW e (ti@)da = / F@W,(ta)n(@)d"a

= [ 1w, @)wlana

Hence we have that f(a)Wy(n(z))s(t(a)) € L'(R*,d*a) for all z € R. Thus, the
Fourier transform of |a|~! f(a)W,(t(a)) is the same as the Fourier transform of
la|~1g(a)W,(t(a)). It follows that

Ha)Wy(t(a)) = g(a)W, (t(a))
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for all a € R*. |

Let G be a Lie group, g be the Lie algebra of G. Let ¢ € C°(G), T: C(G) —
C be a distribution and z,9 € G, X € g. We define

(2.6) pr(2)(9)(9) = d(g2), p(2)(8)(9) = (=7 g),
(2.7) pr(@)(T)(¢) = (pr( (@), (@)(T)(9) = T(pu(z™")(9)),
(2.8) X(o)(9) = (¢(getx Ni=0, (X(T))(¢) = T(X(9))-

3. Bessel and relative Bessel distributions

In this section we introduce the Bessel and relative Bessel distributions on
GL,(R). We write down a formula which relates the two distributions and
show that they are given by functions on certain open and dense sets. Our goal
in the next few sections is to show that these distributions are given by these
functions on the full group and to compute these functions explicitly. This will
force us to consider certain orbital integrals which were considered by Jacquet
and which arise naturally from our construction. We will introduce them here.

3.1. NORMALIZED WHITTAKER FUNCTIONAL. Let G = GL3(R) and let
(r,H) be an infinite-dimensional irreducible unitary representation of G' with
trivial central character. Let <, > be a G invariant nonzero inner product on H.
Let 1/ = 15 be a nonzero character of N and let L be a ¢ Whittaker functional
on Hy,. (See (2.4).) For v € Hy, we set W,(g) = L(n(g)v). By [9] we can (and
will) normalize L so that

(3.1) < U1,v9 >= / Wy, (t(a))W,, (t(a))d a

Rt
Remark 3.1: In practice we can start with any nontrivial Whittaker functional
L and normalize the inner product on Hy, via (3.1).

3.2. NORMALIZED TORUS INVARIANT FUNCTIONAL. Let (7, H) and L be as
above. It is well known that there exists a unique up to scalar nonzero continuous
linear functional P on H, satisfying

(3.2) P(x(t(a))v) = P(v), a€R*, ve€ Hy.

We shall normalize P in the following way. It is well known that the integral

/ L{x(t(a))v)d*a = / W, (t(a))d
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converges for every v € Hy,. (This follows from the fact that W, is rapidly
decreasing at infinity and of the order |a|” for » > 0 when |a| is small and v is
a smooth vector in an irreducible unitary representation.) We define

1
Pv) = P, (v) = 1/2)/ da= m/Wv(t(a))d a

Then P is a nonzero continuous functional on Hy, satisfying (3.2).

3.3. BESSEL AND RELATIVE BESSEL DISTRIBUTIONS. It follows from Corol-
lary 23.4 that for every continuous functional A on Hy, and every f € CP(G)
there exists a unique vector vy € Hy such that

(3.3) Am(flu) =< u,vp ) >

for all w € H. Let (#,H), L and P be as above. We define the normalized
Bessel distribution by

(3.4) Jrw(f) = L(vy,1)-

We define the normalized relative Bessel distribution by

(3.5) I y(f) = L(vp,f).

Notice that J y = Ji,1 and I,y = Jp where J) g is defined in (23.5). Let
f(g) = f(g™1). It follows from Corollary 23.7 that Ir ,(f) = L(vps) = P(vy, 7)
and that Jry(f) = L(ve,f) = L(v,, 7). Hence

I y(f) = Pvy 5) = I 1/2)/11 a)v, ;)d"a.

It is easy to check that m(h)vy F = Un(au(hy 1)~ for every continuous functional A
on Hy, and every f € C®(G) and h € G. (Here (p;(h)f)(g) = f(h™'g).) Hence
w(t(a))vL,f = VL (pi(t(a)) )~ and we get

(3.6) Ly(f) = mll—/é; / Tr(p(t(@) f)d"a.

3.4. INVARIANCE OF THE BESSEL AND RELATIVE BESSEL DISTRIBUTIONS.
For z in G we let p,(x) and p;(z) be as in (2.6) and (2.7). If n € N then it
is easy to see that v, (n)(s),L = m(n)vsp and that v, ()50 = Y(n)vgr. It
follows that

(pr (0) (T ))(f) = T (o (0 H)(F) = 9(0) T4 (f),

(3.7
(e Tn o )(F) = Trplo(n ™)) = (1) T4 (f)-
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Let a € A. It is easy to see that v, (a)(s),p = vys,p- Hence we have

(pr()Ix w))(f) = Ir,p (pr (n™)(f)) = $(n) I,y (),
(p(@)Ix p))(£) = In,y (pr(@™)(£)) = Ir ().

3.5. BESSEL AND RELATIVE BESSEL FUNCTIONS. Let (7, H), Jr y and I, be

as above. We can associate to Jry and I 4 functions j. ¢ and i,y as follows.
Let N* = N — {e}. Let Uy = NAwgN and Uy = AN*wpN.

(3.8)

THEOREM 3.2 ([2]): There exists a real analytic function jr 4: Uy — C such
that

(3.9) hﬂﬂ=L}@M¢@@,f60?Wﬂ

Moreover, the Bessel function j, 4 satisfies

Irp(nagna) = P(n)Y(ng)ir 4 (9)

for every ni,ng € N and g € U;.

Remark 3.3: The above theorem is proved in [2] in the generality of quasi-
split reductive groups using a differential equations approach following Harish-
Chandra’s approach to the character function. We shall not need the above
theorem in the sequel. We will define jr  independently of J. , using a kernel
formula and then show that our new j, , satisfies (3.9) for every f € C°(G).
Hence we can conclude that the two definitions of j, 4 are the same.

The distribution I  satisfies the invariance relations (3.8) and is an eigendis-
tribution for the center of the universal enveloping algebra of G. (See [17],
p. 184.) We will now show that such distributions are given by functions when
restricted to Us.

Let 0=1/2H?+1/2C%+ XY +YX = 1/2H* + H 4+ 1/2C% + 2Y X be the
Casimir element in the universal enveloping algebra of g. (See Section 2 for the
definition of these elements.) Since [0 is in the center of the enveloping algebra
of g, it follows that there exists a scalar a; € C such that

D'[?l','l/) = a,rl,m/,.

THEOREM 3.4: Let I be a distribution on G satisfying:
(1) pi(a)I =1,a € A.
(2) pr(m)I = w(m)I,n € N.
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(3) OI = al for some a € C.
Then there exists a real analytic function i: Uy — C such that

I(f) = ; f(9)i(g)dg, f e C(Us).
2
Moreover, the function i satisfies

(3.10) i(agn) = (n)i(g)

for every a € A, n € N and g € U,. If we set y(z) = i(n(z)w), z # 0, and
¥(n(z)) = e2™*® then y satisfies the differential equation

(3.11) 22y + (22 + 2miN)y' — ay = 0.

Proof: We restrict I to the open set U = AN*woN. The mapping
(a,m1,n2) = anqwony

is a submersion from A x N* x N to Us. It follows that there exists an onto
mapping from CX(4A x N* x N} to C°(U;) which we now describe. Let 3 €
CP(A), y€ CX(N*) and 6 € C°(N). We define fg 5 € C(Uz) by

fav.e(aniwng) = B(a)y(ni)d(ns).

We set y(z) = y(n(z)). The following properties of this mapping are easy to
verify:

Ad(n2)(H)fs,5,6 = f-1p,y,5 + £8,20%7.6
(3.12) Ad(n2)(C)g,y,6 = fop,v6,

Ad(n2)(YX)f3,4,6 = £8,xy,X5-

Since Ad(n2)(0) = 0O, it follows from (3.12) that

Ofa,8.v.6 =f1/2028,.6
+ foHB22X.,6
+ fB.20X2X~,8
(3.13) )
+ f8,20 .5
+ fi/2028,4,6
+ fB,2x~,x5-
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By the invariance assumptions (1) and (2) on I, there exists a distribution Y;
on N* such that

(3.14) I(fsns) = V() /A B(a)d"a / 5(n(y))(n(y))dy

for every 3,7, 6 as above. It follows from (3), from (3.13) and from (3.14) that
Y| satisfies

(3.15) Yi((2eX2X + 22X — 4nidX)y) = aYi(y), 7€ CP(N7).

We define the differential operator D by

d? d L d
(3.16) D =22XzX + 22X — 47idX — o = 22° pr + 4xd - 47m/\d_x - a.

We identify N* with R*. By (3.15) we have Y;(Dv) = 0 for all y € C>®(R*).
Since D is an elliptic differential operator it follows that there exists an analytic
function y(z), z # 0 such that

(317) Vit = [ @yla)da
and such that y(x) is a solution for the differential equation D'y = 0 where

(3.18) D!=2XzXz-2Xz+4mi)r—a=22° £+4xd +47rz/\i—a

dz? dzx dzr
Let da be the standard Haar measure on A. For f € C°(Uz) define
(319) 04(@) = [ flan(a)un(y))v: (dady.

Then it follows from (3.14) and (3.17) that

(3.20) I(f) = Y1(0y) = /R 0;()y(z)dz.

Let dg = dadzdy be a Haar measure on G restricted to Us, the set of elements
of the form an(z)wn(y) for a € A, z,y € R, z # 0. We define the function ¢ on
U2 by

i(an(z)wn(y)) = y(z)¥a(y).
Then it follows from (3.20) that for every f € C°(Us) we have

I(f) = / flan(@)wn(y))i(an(z)un(y))dadydz

f()()

i
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For every distribution I satisfying conditions (1), (2) and (3) of Theorem 3.4
we let ¢ be the function on U; which determines I on Us. If I = I, is arelative
Bessel distribution attached to a unitary representation 7 as above, then we set

by = ULy -
COROLLARY 3.5: Let I be a distribution on G satisfying (1), (2) and (3) of

Theorem 3.4. Let y(x) = ij(n(z)w). Let v be defined by the equation —a =
1/4 — v2. Then there exist constants c1, ¢z, c3,cs such that

(3.20) y(@) = alz| 72N I (7| M|/ 2) + eolz| V2N 2T (xlA| ) z)
when £ > 0 and

imA

= T (mIM/1al) + ealal ™2™ I, (r)M /la])

(321)  y(z) = cslz|" %
when r < 0.

Proof: We need to solve the differential equation (3.11). Let v(z) = y(z}).
Then v satisfies the differential equation

3.22 " ol — v =0

(3.22) v' - 2mik' - v =0.

It is easy to check that the functions v; (z) = |z|*/2e*"™** J, (x| Az|) and va(z) =
|z|}/2e*™>= J_,, (| Az|) are independent solutions for (3.22) when v is not an integer
and that |z|'/2e"™* J,(|]Az|) and |z|'/2€'™**Y,,(|Az|) are independent solutions
when v is an integer. |

We can use the asymptotics of the classical Bessel functions J, and Y, (see
(14], 5.11) to get:

COROLLARY 3.6: Let I be a distribution as above and i; be the function that
gives I on U,. There exists a positive constant E such that |i;(n(z)wo)| < E
for small z.

We will want to prove a full regularity theorem for J 4 and I . That is,
we will later prove that J; 4 and I 4 are given by jr 4 and ir 4, respectively,
on the full group and not only on Uy and Us. We know of two methods of doing
that. The first is to prove a general regularity result for distributions satisfying
the conditions of Theorem 3.4. We shall do that in the next two sections. We
could also prove a general regularity result for distributions on G satisfying the
invariance conditions of Jr . Instead we will use the classification of irreducible
unitary representations and a kernel formula that will give a different definition
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of jr» and show using this kernel formula that the distribution is given by a
function on the full group. The advantage of the second approach is that we
also get an explicit formula for j. . Using this explicit formula for j, 4 we will
compute iy 5.

3.6. ORBITAL INTEGRALS. In our discussion of the distributions J. , and
Iy, certain orbital integrals appeared naturally. It is worthwhile to define
them again. Let f € C°(Us). By Theorem 3.2 there exists a function j, 4 such
that

Tnotf) = [ f@ixsla)do
_ / £ (1 25(8)wnz) i (1 25(8)wns)dny dzdnglb] ~2db
+ / £ (n25(8)womz) i p (ma z5(b)wons)dny dedng|b|2d"b
= / (s ( /f n1zs( )wnz)w(nl)w(ng)dnldzdng)|b| 24
[ ey (s(6pw0) ([ z5(0pwona st g 2

Hence it is natural to define the (N, N) orbital integral

@2 O} = [ fmagna)bm p(na)dns dadns.

The distribution Iy gives rise (see (3.20)) to the (A, N) orbital integral

(3.24) 0%V (g) = /A  aguom)é(m)dadn.

These orbital integrals were studied by Jacquet. In particular, it is proved in [11]
that the integral in (3.23) converges absolutely for every f € C°(G) and every
g € U, and that the integral in (3.24) converges absolutely for every f € C®(G)
and g € Us. Let O¢(z) = OA N(n(x)wo) Then for f € C®(Uz) we have (see
(3.20))

(3.25) I y(f) = /R 0;()im p (n(z)w0)dz

and

Iny(O—oaqn)f /DOf Z)r y(n(x)wo)dz

= [ 0s@Dy) )iz =o.
R

(3.26)



Vol. 145, 2005 BESSEL IDENTITIES 15

Here y(z) = ir y(n(z)wo) and we are using the fact that

(3.27) O@-ar)f (@) = D(Of)(z).

Here the differential operator D is defined in (3.16) and the above equation
follows from the proof of Theorem 3.4 or from a direct calculation. Moreover,
it is also easy to see that (3.27) is true for all f € C°(G) and not just for
f € C(Uy). We shall need this fact later in the sequel.

4. Orbital integrals

In this section we study the orbital integrals which were defined in (3.23) and
(3.24). We are interested in bounds and explicit asymptotic expansions for these
integrals. While it is possible to obtain explicit asymptotic expansions for both
integrals, we will only need these expansions for the orbital integrals in (3.24).
We start with some easy bounds for the orbital integrals in (3.23).

4.1. (N,N) ORBITAL INTEGRALS. Define
Iac f) = / f1n(z)=(0)s(a)won(y)]ddy,
Iare, f) = / fln()=(0)s(ajwn(y)|dedy.

Notice that the integrals take place on two disjoint open sets whose union is the
open cell. These two sets come from the two connected components of G.

PROPOSITION 4.1: Let f € C*(G). Then
(a) Ji(a,c, f) converges absolutely for every a,c € R*.
(b) Ji(a,c, f)} as a function of ¢ is compactly supported in R* independent
of a.
(c) Jila,c, f) =0 when |a| is small (independent of ¢).
(d) |Ji(a,c, f)] = O(la|'*¢) for every € > O when |a| is large, independent
of c.

Proof: 'We shall prove everything for J;. The proof for J; is the same. We first
prove (b). f is compactly supported in G, hence the support of f is in a set of
G on which the determinant is bounded. Since | det(n(z)z(c)s(a)won(y)| = |c|?
we immediately get (b). Now, to prove (a), write

I +ac
agy .
a

n(z)z(c)s(a)won(y) = (

sloe (8
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Since ¢ and q are fixed and nonzero, and since f is compactly supported on the
(1,1) entry and on the (2,2) entry, it follows that the integration takes place
on a bounded set in (z,y). Hence we have (a). By the above argument the
integrand is identically zero for small values of ¢, hence by looking at the (2,1)
entry of the above matrix we see that the integrand vanishes for small values of
a. Hence we have proved (c). Now we extend f to R* by setting it to be zero
outside of G. We make a change of variables zca™! = ¢ and yca™ — y. We

m
hae, ) =lafe? [ (5 7 ) aaay

Since f is bounded, we can bound the above integral by a constant times the
area of a region of the form {z,y : |z| < D1,|y| < Ds,|zya + ac?| < D3} for
some constants Dj, Do, D3. It is easy to see that this area is of the order of
la]~! log(]al), hence we get our result. ]

have

COROLLARY 4.2: Let f € C>°(G) and let

Or(a, f) = / |FIn(2)(0)s(aywon(y))ldedyd’c,
(4.1)

(a,f) = /|f[n (¢)s(a)wn(y)]|dzdyd® c.

Then O;(a, f) = 0 for |a| small and O;(a, f) = O(|a|]**¢) for |a| large, i = 1,2
and € > 0.

Proof: There exists a positive function f € C°(G) such that f > |f|. Applying
Proposition 4.1 parts (b), (c) and (d) to O;(a, f) gives the result. |

Taking absolute values inside the integral defining O}Y ;pN Z we get:

COROLLARY 4.3: |ON N2 (5(a)w)| = 0 when |a| is small and ION N2 (s(a)w)| =
O(|a|**¢). Similarly for |ON N2 (5(a)wo)|.

2. (A, N) ORBITAL INTEGRALS. Define

(@,c,f) = f Fls(a)z(c)n(z)won(y)]d" ady,
My(z,c, f) = / fls(a)=(O)n(z)ywn(y))d"ady.
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PROPOSITION 4.4: Fix f € C®(G). Then
(a) Mi(z,c, f) converges absolutely for every x # 0.
(b) M;(z,c, f) =0 for small and large values of |c| independent of z.
(c) M;(z,c, f) =0 for large values of |z| independent of c.
(d) |Mi(z,c, f)| = O(|z|¢) for every ¢ > O when |z| is small (independent of
¢). The implied constant is also independent of ¢ (but depends on ¢).

Proof: We shall prove the proposition for M;. The proof is the same for Ms.

We have
s(a)z(c)n(z)wonly) = (az‘” ac(l; yx)) '

a a

Since the determinant of the above matrix is —c?, it follows that the function
vanishes for small and large values of |c| independent of the other variables.
Hence we have proved (b). Since the (2,1) entry is £, it follows that the function
vanishes for small values of |a|. Since the (1,1) entry is caz and z is nonzero
and fixed, we have that the function vanishes for large values of |a| (depending
on z). Finally, looking at the (2,2) entry we get that the function vanishes
for large values of |y|, hence the integral takes place over a compact set and is
absolutely convergent. This proves (a).

For (c) we again look at the (1, 1) entry. Since the function vanishes for small
values of |c| and small values of |a|, it follows that the function vanishes for
small values of |z| independent of the other variables, hence we get (c).

For (d) we write

Ml(f,C, f) - /f (aza: aC(lgz y$)) d*ady

a

yazx
=l0l“/la!f(“§”” ac(l-;- - )>d*ady

a
a ya
—ted [ (% 0 E)) duay,
2

Now we can argue using volume considerations as in the proof of Proposition 4.1.
1

We define
My(z, f) = /f[s(a)z(c)n(:n)won(y)]d*adyd*c,

(4.2) )
Mz, f) = / fls(a)=(O)n(e)wn(y)]d" adyd’c.
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COROLLARY 4.5: (a) Mi(z, f) = 0 when |z| is large.
(b) |Mi(z, f)| = O(|z|°) for every € > 0 when |z| is small.

4.3. 7 1S LOCALLY INTEGRABLE.

PROPOSITION 4.6: Let I be a distribution satisfying the conditions of
Theorem 3.4 and let © = i; be the function that gives I on the set Uy. Then i
is locally integrable on G.

Proof: We need to show that
| lit@)f(a)s < o0

for all positive f € C°(G). We can replace G in the above integration with the
set BwgB — AwgN and restrict the Haar measure dg to this set. We have that
BwoB — AwgN is a disjoint union of the open sets AsZNwoN — AgZwoN and
AsZNwN — AsZwN. (See Section 2 for the definition of Ag.) Hence, up to a
normalization of the Haar measure dg we can assume that dg = d*ad*cdzdy on
elements of the form s(a)z(c)n(x)won(y) and similarly on elements of the form
s(a)z(c)n(z)wn(y). Hence

/mwmmw / MMﬂM@+/ i@ (9)dg

AsZwN

/|z(s (won(y))|f(s(a)z(c)n(x)won(y))d" adyd* cdx
+ [li(s(@)2(@n(z)un @) f(s(a)z(en(z)wn()d" adyd"eds
/|z n(z)wo)| M (z, f) dx+/|z w)|Ma(z, f)dz

Here M; and M, are defined in (4.2). By Corollary 4.5 we have that the inte-
grands vanish when |z| is large. When |z] is small it follows from Corollary 4.5
and Corollary 3.6 the integrands are of the order of |z|¢ for every € > 0, hence
we get that both integrals are finite. ]

It follows from the above corollary that the function ¢ which comes from the
distribution I gives a distribution T; on the full group given by

(4.3) mn=va@m

From Theorem 3.4 we get that I = T; on the set Us. We would like to show
that the two distributions, I and T;, are the same on all of G, that is I = T;.
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To do that we need to show that the distribution I — T; satisfies conditions (1),
(2) and (3) of Theorem 3.4. While (1) and (2) are obvious, we will need some
more information to prove (3) for the distribution T;. In particular, we will need
explicit information about the asymptotics of the (A, N) orbital integrals.

4.4. EXPLICIT ASYMPTOTICS OF (A,N) ORBITAL INTEGRALS. We shall
replace the (A4, N) orbital integral with an integral on a different space. Let

(=10
=\o 1)
We can identify the space A \ G with the space
X={g7'rg: g€ G} ={z€G:2*=1,det(x) = -1}.

X is a closed submanifold in G and the map Ag — g~'7g is a diffeomorphism.
In particular, every smooth function f on A\ G can be identified with a smooth
function ¢ Fon X by

(4.4) ¢7(g7'rg) = flg)-

Let f € C2(G) and let f be a function on A\ G defined by
(4.5) f@)= | fag)da

where da is a fixed Haar measure on A. Then f is smooth and compactly
supported on A \ G, hence ¢ 7 1s smooth and compactly supported on X.
Let ¢(n(z)) = €2™®. We can write

O?ﬁ/ﬁv("(ﬁ)wo) = /AxNf(a"(w)wonl)w(nl)dadnl

= /N F(n(@ywom o (m )dadn,
:/¢f(n1_1w0"(_x)7n($)won1)Ui(nl)dadnl.

Since X is closed in G, it follows that the function ¢ 7 is arestriction of a function
¢ € CX(G) to X. In matrix form we can write the last integral as

_ 20y +1 2(zy® +9)\ 2m
(4.6) Gy(x) —/Rq&< Cor —omy—1 e“"Ydy.
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Remark 4.7: We have chosen the character 1 to be ¥(n(z)) = €*™**. Similar
arguments will work for the general case 1¥(n(z)) = €*"**, but we prefer to
simplify the notation by choosing A = 1.

It follows from the above discussion that the asymptotics of Of’f(n(z)wo)
are the same as of G () for the appropriate f and ¢. Since —2z appears in the
(2,1) entry and since ¢ is compactly supported on G, it follows that G4(z) =0
when |z| is large. Hence it is enough to consider the case when |z| is small. We
will assume that > 0. The case £ < 0 can be treated similarly. Welet 8 = 7!
and we study the asymptotics of Fy(8) = G4(z) = G4(87') when § — co. We

have
= [ oY 20 g
(47) =5 [o(2ah P Y ensay
y 5 2 (3%2—11 _2;_ 1) €27 BY AT HY)

Here ¢? is the Fourier transform of ¢ in the (1,2) component, that is,

12 (fz Z>=/¢(z 2) 2T g
R

and we have used the Fourier inversion formula to get the last equation. For
the first step we have used the change of variables y — Sy.

PROPOSITION 4.8: Let Fy(B) be the function defined above and let a; be any
smooth function on (0, 00) such that a vanishes around 0 and such that a(z) = 1

for large x. Let
=2 [ o3 ¥)ea
T2 0o 1)¢

oo

For 8 > 0 we write

Fy(8) = c(d)e™ P an(8) + a2(B)

where oo is a smooth function on (0, 00) which depends on ¢ and a;. Then as
vanishes around 0 and

az(B) = 0(1),a5(8) = O(87")

at oo.

Proof: The (2,1) entry of the matrix in the integral (4.7) is —23~1. When
B — oo this entry goes to zero. By using a Taylor series for ¢'2 at the (2,1)
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variable we can see that the main term of the asymptotics of Fi4(8) comes from
the integral

= 2y+1 z ; iBz(y?
F - / 1,2 ( ) e27rzﬂye4mﬁz(y +3/)d dz.
¢(IB) R¢ 0 -2y —1 Y

Now we use the stationary phase method (see [19]) to obtain the asymptotics
of the above integral. The phase function is

Bly, z) = 2r(y + 22(y* +v))

and it has two critical points: (—1/2,0) and (1/2,—1). It is easy to check that
the Hessian at these points in nonzero, hence § is a Morse function. Now it
follows from ([19], Theorem 2.9) that F4(8) has an asymptotic expansion at
infinity of the form

(48) Fy(B) =Py +cf  +eaf 24+ ) +di+dof + 32+,

Here ¢; = c(¢) as defined above. Notice that this infinite sum does not converge.
We use here the convention of ([19], 2.2).

The next terms in the Taylor expansion will give an integral which will have
the same form as (4.8) but with smaller terms. Hence Fj(f) will also have an
asymptotic expansion of the form (4.8) with ¢; = ¢(¢). By taking the derivatives
of F4(B) in the integral (4.7), it is easy to see that all derivatives of Fy(5) have
asymptotic expansions of the type (4.8) and that they can be obtained by taking
the derivative of the asymptotic expansion for Fj(3). Notice that for our result
we only need the first derivative, the first term of the asymptotic expansion and
the first term and the remainder in the Taylor expansion. |

Remark 4.9: Notice that the function ¢'? is not compactly supported in the
(1,2) entry. However, it is a Schwartz function in that variable and in all
variables. To overcome this we look at the integral (4.7) when |z| is large. We
make the change of variables u = z and v = y + 2z(y? + y). It is easy to see
that this transformation is nonsingular when |z| is large and that the resulting
integral gives a rapidly decreasing function in 3. Hence, by splitting our integral
using a partition of unity into the two sets where |z| is large and the complement,
we get one integral that gives a rapidly decreasing function in § and another
which involves a compactly supported function in the variables y and z, hence
the expansion (4.8) is still valid.

Recall that Gy (x) = Fy(z™!) is defined in (4.6).
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COROLLARY 4.10: Let a; be any smooth function on (0,00) such that a van-
ishes around oo and such that a(x) =1 in a neighborhood of 0. Write

Go(@) = c(@)e /"0y (z) + aa(z)

where ay is a smooth function on (0, 0c0) which depends on ¢ and ;. Then oy
vanishes around oo and for small © we have

az(z) = O(1),a(2) = O(z™1).

If ¢ = 7 as defined in (4.4) and (4.5), where f € C2°(G) and f € C°(A\G),
then it is easy to see that

(4.9) e(67) = /A  Hamps(ndn = Q).

COROLLARY 4.11: Let f € C*(G). Let a; be any smooth function on (0, co)
such that o vanishes around oo and such that a(z) = 1 in a neighborhood of 0.
For ¢ > 0, write

01N (n(z)wo) = Q(f)e¥™%as () + az(a)

where as Is a smooth function on (0, c0) which depends on ¢ and «1. Then a3
vanishes around oo and

az(z) = O(1), dh(2) = O(x™").
Similarly for z < 0 we get

PROPOSITION 4.12: Let f € CP(G). Let oy be any smooth function on
(—00,0) such that a vanishes around —oo and such that a(z) = 1 in a neigh-
borhood of 0. For x < 0, write

0% (n(z)wo) = Qe /*a (2) + az(2)

where a» is a smooth function on (—o00,0) which depends on ¢ and a;. Then
a9 vanishes around —oo and

as(z) = O(1),dh(z) = O(z71).
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5. Regularity of the relative Bessel distributions

In this section we will show that the relative Bessel distributions I , (see (3.5))
are given by the relative Bessel functions on the full group. At this point, after
the results of Section 4, we are given two distributions, I and T;, which agree on
an open set. We would like to show that they are equal everywhere. The first
distribution satisfies a differential equation coming from the Casimir element.
We need to obtain some information about the action of the Casimir operator
on the second distribution. This is the content of our first Theorem.

Let I be a distribution satisfying conditions (1), (2) and (3) of Theorem 3.4
and let ¢ be the function which gives I on the set U;. Let y(z) = i(n(z)wo).
Then y is given by (3.20) and (3.21) and ¢ is given on Us by (3.10). By the
proof of Proposition 4.6 it follows that any function 7 which is defined on U; as
above is locally integrable and gives a distribution T; on G defined by (4.3).

THEOREM 5.1: Let i be a function on U, defined as above. That is, y(z) =
i(n(z)wo) is defined by (3.20) and (3.21) for some constants c1,¢cz,c3,c4 and ¢
is extended to Uy by (3.10). Let T; be the distribution defined by (4.3). Then
there exists § € C such that

(O -a)T: = BQ

where @) is a distribution coming from the Borel subgroup B and @ is given by
(4.9).

Proof: We will assume that ¢(n(zx)) = 2™**. Hence A = 1in (3.11) and (3.20),
(3.21). The general case, ¥(n(x)) = €2"**?_ is similar. By (3.25) we have that

T,(f) = /G F(a)ilg)dg = /R O (x)i(n(z)wo)dz = /R 0;(z)y(x)dz

and by (3.27)
(O- a)Ti(f) = /R D(O7) (@)y(x)dz.

Notice that the function y(x) satisfies the differential equation D*(y) = 0 for z #
0. We divide the above integral into two parts: from 0 to oo and from —oo to 0.
For each part we apply integration by parts. To compute the integration by parts
we use the expression for O(z) given by Corollary 4.11 and by Proposition 4.12.
We also need to use the asymptotic expansions for the classical Besse} functions
(see, for example, [14], 5.11). 1
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PRrOPOSITION 5.2: Let T be a distribution on G satisfying:
(1) pr(n)] =4(n)I,n € N.
(2) There exists a € C such that (0 — a)T = Q, where Q) is a distribution
which is defined on B (and extended to G).
(3) T is supported on G — Us, that is T is supported on the disjoint union of
B and wyB.
Then T = 0.

Proof: The proof is similar to the proof of Proposition 2.10 in [17]. We shall
assume that 1(n(x)) = €2"®. The general case is similar. Let X be as in
Section 2. Then it follows from (1) that

X(T) =2miT

where we identify X with the left invariant differential operator defined in (2.8).
We write 0 = 2Y X + 1/2H? + H + 1/2C?, hence (2) gives

(5.1) 4miY (T) = (-1/2H? - H —1/2C* + )T + Q.

Let L be the one-dimensional Lie algebra spanned by Y which we view as a
Lie algebra of left invariant vector fields. Let B be the Borel subgroup. Then
L is transversal to B in the sense of ([17], (2.2) and (2.3)). Here we can take
M to be G or to be G — wyB. We restrict our distribution T to the open set
M =G — woB. Then T on M is supported on B. Let b € B. By ([17], Lemma
2.4), there exists a neighborhood of b such that

(5.2) T=Y YT,

on this neighborhood and T} are distributions defined on B. Here the sum is
finite, starts with j = 0 and the T} are unique. We apply equation (5.1) to the
above formula. Then we have

8riy YINIT; =3 (~H? - 2H - C* + 20)YT; +2Q.
We now rewrite the left and the right side into expressions of the form
> viQ,
for distributions Q; defined on B. If T # 0, then we get different expressions

for the left hand side and the right hand side since the order of the highest
nonzero term will be bigger in the left hand side. This can be seen directly by
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commuting Y with the H and C, or by Lemma 2.5 in [17]. It follows from the
uniqueness that T = 0 in a neighborhood of b, hence T = 0 on M and T is
supported on wpB. We also get from (2) that Q = 0.

We now set M = G and L as before is spanned by Y. We claim that L is
transversal to woB in the sense of ([17], (2.2) and (2.3)). By left invariance it
is enough to show that for all p € woB, L is transversal to p~lwoB at e. If
p = web then p~lwoB = b~!B = B, hence the claim is clear. Now the proof
proceeds exactly as above. T satisfies (5.1) with @ = 0. In a neighborhood of p
we can write T' as in (5.2) where T; are distributions defined on woB. Now, the
same arguments will show that T; = 0 for all ¢, hence T = 0 in a neighborhood
of p, hence T = 0 everywhere. 1

Our main theorem of the last three sections is the following.

THEOREM 5.3: Let I be a distribution on G satisfying conditions (1), (2) and
(3) of Theorem 3.4. That is, assume

(1) p(a)I =1,a € A.

(2) pr(m)I =y(n)I,neN.

(3) OI = al for some a € C.
Then there exists a real analytic function i on Uy which is locally integrable on
G such that

for every f € C°(G).

Proof: By Theorem 3.4 there exists a function ¢(g) such that the above equality
is true on Uy, that is, for f € C2°(U,). By Proposition 4.6, i is locally integrable.
Let T; be the distribution given by i. (See (4.3).) Let T = T, — I. Then T is
supported on G — Us and, by (3) and by Theorem 5.1,

OC-aT=0Q

where (J is a distribution defined on B. (Notice that we are replacing the
distribution S@ in Theorem 5.1 with @.) It follows from Proposition 5.2 that
T =0, that is I = T;, which is the required conclusion. |

Remark 5.4: We have also proved that @ = 0, that is, 8 = 0 in Theorem 5.1.
This will give a condition on the scalars ¢y, ¢z, ¢3, ¢4 that appear in the formulas
for i(g). We will not need these conditions in the sequel.
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Remark 5.5: It is possible to prove a regularity result for the Bessel dis-
tributions in the same way, that is, let J be a distribution on G satisfying
pi(n)J = pr(n)J = ¢(n)J for every n € N and p,(2)J = x(z)J for some quasi-
character y on Z and every z € Z. Assume also that there exists a € C such
that (0J = aJ. Then we can prove that there exists a real analytic function j
on BwgB which is locally integrable on G such that

J(f) = / i(9) Flo)dg

for every f € C°(G). We shall proceed in a different way and prove a weaker
result which is sufficient for our purpose. Starting from a unitary representation
7 of G with a trivial central character, we shall use the results of Cogdell and
Piatetski-Shapiro to give jr . as a kernel function for the action of wp in the
Kirillov model. After that we will use this Kernel formula to show that this
function is one and the same as the Bessel function coming from the Bessel
distribution Jr 4 and that it gives the distribution on the full group.

6. Bessel functions for GL:(R)

In this section we recall the formula in [5] for the action of the Weyl element in
the Kirillov or Whittaker model of an irreducible unitary representation with
trivial central character of GL;(R). This action will be given by a kernel formula
involving a classical Bessel function. We include the proof of this kernel formula
in Appendix 2 in order to make this discussion self-contained. We mention that
our method of computation and the proof of this kernel formula is different than
the computation and proof mentioned in {5] which was communicated to us by
Jim Cogdell. We thank Jim Cogdell for explaining to us this result. Our method
of proof is similar to the method indicated in ([20], chapter VI, section 7). We
introduce a convergence factor that does not appear in [20] in order to allow
a change of order of integration. After finishing our original manuscript, we
learned of a different approach for the proof using a Mellin transform which was
obtained around the same time by Motohashi [15] in the case of the principal
series.

We shall employ the same proof and computation for the double cover of
GL;(R) to get a new kernel formula in the Kirillov model of unitary genuine
representations.

Let 7 be an irreducible admissible representation of G = GL2(R) on a Hilbert
space H with trivial central character. Let ¢ = 1), be the character of N defined
in Section 2. Let dr and d*z be the measures defined in (2.1).
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Fix a nonzero 1 Whittaker functional (see (2.4)) L on Hy. For v € Hy, we
set Wy(g) = L(m(g)v).

THEOREM 6.1 ([5] (see also Appendix 2)): Fix w and L as above. There exists
a function j1: R* — C such that

(6.1 Wolttyun) = [ (o)W (t@)d's
for all v € Hy, such that W, (t(x)) has a high order of vanishing at a = 0.

Remark 6.2: The above integral converges absolutely. The exact order of van-
ishing that is needed will depend on 7 and will be given explicitly in the proof.
When = is a unitary principal series or a unitary complementary series, we will
show that every v € H, satisfies the required condition, hence the formula is
valid for every v € Hy,. For the discrete series we will show that all the K
finite vectors satisfy the condition. We believe that the formula is valid for all
v € Hy, in the discrete series.
Notice that j; is denoted by kj s in Appendix 2.

We extend j; to BwyB by
Jrw(n(r)z()t(@)won(s)) = p(n(r))¥(n(s))ji (a).
The following formula is an easy consequence of (6.1) (see [1] for an argument).

THEOREM 6.3: Assume v € Hy, is as above. Then
(6.2) Wy(9) = /R g (gtla™))W,(t(a))d*a

for all ¢ € BuwoB.

We shall now give the formulas in [5] for jr 4 (t(x)wy). We note that the
formulas in ([5], p. 57) are for j, (t(x)w), hence their values for z will be our
values for —z. Let u(z) = |z/°(sgn(z))" with Re(s) > 0 be a quasi-character of
R*. We denote by 7(u, p™!) the representation of G induced by the character
(u, 1) from B if it is irreducible. (We use normalized induction.) If it is
not irreducible then 7(u, p~!) will denote its unique irreducible subspace. The
representation m(u, u~') is denoted by m, s in Appendix 2.

THEOREM 6.4 ([5]): Let v = 1, as defined in Section 2.
(i) If p(z) = |z|*" /% sgn(x) with d € N, then 7 = w(u, ') is a holomorphic
discrete series representation and we have

sest(ayue) = { (DA Ealel s VD iz <0
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(ii) If u(z) = |z|*" (sgn(z))” withr € R and n € {0,1}, then 7 = n(u, ') is a
principal series representation and we have
4(=1)"|\|Y2|x|"/? cos(mir) Ko (47| A\\/]z]) if 2 > 0;

Jrp(t(@)wo) = { |)\|1/2|x|1/2mn_%;(«]mr(‘lﬂ)\f\ﬂgn = J-air(47|A/I2]))
ifzx <0

(iii) If p(z) = |z|"(sgn(x))” with0 < r < 1/2 andn € {0,1}, then 7 = 7 (p, p~!)

is a complementary series representation and we have

4(=1)"\\Y2|2|'/2 cos(nr) Kor (4n|A[\/]2])  if 2 > 0;

Jrp(t(@)wo) = { A2 ]2 '2 s (Tor (4N V/T2]) = J-ar (47| Ay /2])
ifx < 0.

Since the central character of 7 is trivial and since

("= (") ),

Jr(s(@)wo) = jay(Ha®)wo), Jru(s(a)w) = jr y(t(—a*)wo).

we have

Using the theory of classical Bessel functions [14] we get:

LeEmMMA 6.5: Let m be a unitary irreducible representation of G with trivial
central character. Then

jrap(s(aywo) = Oa’?) and jru(s(ayw) = O(lal'/?)
when |a| is large.
PROPOSITION 6.6: jr = jr ¢ is locally integrable on G.
Proof: We need to show that

[ lix(@)stg)dg < o0
G

for all f € C°(G). We can replace G in the above integration with the set
BwgB and restrict the Haar measure dg to this set. We have that BwoB is a
disjoint union of the open sets NZAswoN and NZAgswN. Hence we have

] (9 (9)1dg = / (0 (9)ldg + / i (9) F(@)\dg.
G NZAswoN

NZAswN
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Since

/ i (9)£(9)\dg
NZAswoN
= [lix (n(@)2(@s(@uan()f (n(2)z(e)s(@)uun(v) ol dzdydc

and similarly for the second summand, we get that

[ lir@7(@)idg = [ 1 (s(a)un)(0s (Dl aa
G
+ [ lis(s(@u)l0z(a. Pllal *d"a

Here O, and O; are defined in (4.1). By Corollary 4.2 we have that the inte-
grands vanish when |a| is small. It follows from Corollary 4.2 and Lemma 6.5
that the integrands are of order |a|~'/2*¢ when |a| is large. Hence it is clear
that both integrals are finite. n

7. Bessel distributions for GL2(R)

In this section we show that the Bessel distributions on GLy(R) (or to be
precise, the Bessel distributions attached to irreducible unitary representation
of GL;(R) with trivial central character) are given by the Bessel functions
defined in Section 6. The proof here is similar to the one given in [1] for the
p-adic case.

Let G = GL2(R) and let (7, H) be an infinite-dimensional irreducible unitary
representation of G with trivial central character. Let L be a 1) Whittaker
functional on H.

For f € C*(G) we let vs,; € Ho, be the unique vector that satisfies

L(7r(f)u) =<u, vy >

for all u € H. Here <, > is the inner product defined in (3.1). (See Remark 3.1.)
As in (3.4) we define the normalized Bessel distribution by

Jvrﬂ,b(f) = L(vf,L)'

LEMMA 7.1: Let u € Hy,. Then

[ Tt t@nwatada= [ joWids
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Proof: Tt is easy to see that v, (ya))s,. = T(t(a))(vy,1). Hence

J,r,d,(p,«(t(a))f) = va.z, (t(a)).

Thus, by (3.1),

/;L' Jw,w(Pr(t(a))f)Wu(t(a))d*a =< u, v, > .

By definition

<uvpp >= Lin(fu) = /G F(9)Lin(gyu)dg = /G f@Walg)dg.

Define a distribution j,m/, on C(G) by

f) = /G F(@)inw(0)dg

LEMMA 7.2: Let u € Hy and f € C°(G). Assume that W, (t(a)) has a high
order of vanishing at a = 0 (say W,(t(a)) = O(|a|?)). Then

[ Testort@nWatei@)da= /G W,
Proof:

/ Tr.w(pr(t(a)) )W (t(a))d / W ( (/Bwosf(g(t(a)))j""”(g)dg)d*a
=t L @i slatta™))d)d"a
/BWOBf(g) (/ Jrw(gtla” ))Wu(t(a))d*a)dg
= raw.iaig

Here we have obtained the last equality from (6.2). To justify the change of
order above consider the integral

/ f(g)jw,w(gt(a‘l))dg'
BwyB
< / | £ (mzt(BYwoma)| s s (my 2t(B)womat(a="))|dn dzdna|b|~2db

- / |j1r,¢(t(b)t(a_l)wo)|( / |f(n12t(b)won2)ldnledn2>|b|_2db-
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By Corollary 4.2, the inner integral vanishes for small |b| and is of the order
|b|*/2*¢ when |[b] is large. By Theorem 6.4, 5 4 (t(c)wo) = O(|c|'/*) when || is
large and jr 4 (t{c)wg) = O(1) when |c| is small, hence it follows that the integral
gives a function of a which has an order of |a|'/? at co and |a|~'/* at a = 0.
Since W, (t(a)) is rapidly decreasing at co and has a large order of vanishing at
a = 0, the integral converges absolutely and we can change the order. |

ﬁ=Lf@ﬁMw@

Proof: By Lemma 7.1 and Lemma 7.2 we have that if u € Hy and W, (t(a))
has a high order of vanishing at ¢ = 0, then

COROLLARY 7.3:

/memm Wa(t(a) a—/%ﬂmwm)W@m»

for all f € C®(G). If u € Hy is such that W,(t(a)) has a high order of
vanishing at @ = 0, then #(n)u has the same property for every n € N, hence
we can replace u with m(n)u in the above equality. It follows from Lemma 2.1
that Jr (0, (t(a)) f)Wu(t(a)) = Jr,u(pr(t(a) ))Wu(t(a)) for all a € R*. It is
well known (see, for example, [9]) that there exists u € Hy, such that Wy (t(a))
has a high order of vanishing at a = 0 and such that W(e) = W(t(1)) =

Hence Jr 4(f) = jmp(f)- i

Remark 7.4: A similar proof works for general irreducible admissible represen-
tations of GL2(R). Since such a representation is not always unitary, we need
to replace the invariant inner product in the definition of the Bessel distribution
with the invariant pairing between the representation and its dual. For more
details see [1].

8. Relative Bessel functions on GL;(R)

In this section we compute the relative Bessel function of the infinite-dimensional
irreducible unitary representations of G with trivial central character. In the
heart of this section and of this paper is a computation of the Fourier transform
of the Bessel functions obtained in Section 7. This computation is based on a
Fourier transform of certain Bessel functions obtained by Hardy and Weber [6].
We carry out this computation in Appendix 3.

Let 7 be an infinite-dimensional irreducible unitary representation of G with
trivial central character. Let I  and Jr y be the normalized Bessel and relative
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Bessel distributions as defined in (3.4) and (3.5). By (3.6) we have

(8.1) Iy(f) = Twll—/z—) / Te (0 (t(B)) )b,

In particular, since Jy y is given by jr g on Uz = BwoB — AwoN and I 4 is
given by i, , on Uz, we have that

82 g L ([ 1000 s ) b= [ finstardy

for all f € C°(U,). We shall use (8.2) to find a more explicit relation between
ir,p and jry and consequently compute iy y.

LEMMA 8.1: Let f: Uy — C be defined by

(8.3) f(t(a)n(z)z(c)won(y)) = ¢1(a)¢2(2)¢s(c)pa(y)
where @1, da, ¢3 € C°(R*) and ¢4 € CP(R). Then

| / F(t(6)9) r. (9)dd"D
= [rar / ss(@d'c [ 81600y [ np(tlalun)ia(aid’a

where ¢ is the A-Fourier transform of ¢, as defined in (2.2).

Proof: We let dg = d*adzd*cdy be a Haar measure on the set of elements of
the form g = t(a)n(z)z(c)won(y). Then

(54 [ | 09 ylordoas

- / 61 (b0) 62 (2) b3 (0)ba (1) . (@) (2) 2 ()wom(y)) d* adad” cdy

~ [acrare [ ¢4(y>¢(y)dy( [ ez | ¢1(ba)jﬁ,ap(t(a)wo)d*a)d*b

- / da(c)de / 65 (V)0 (w)dy / 6 (50) . (@) w0) Bo @) ad".

We claim that the last integral converges absolutely. Hence we change the order
of integration to get

/ 61(b0)7 s (t(a)wo) P (a)d" ad"b = / 61 (b0)7 . (H(a)w0) B2 (@)d" bl
(8.3) - / 61 (0) . (t{@)w0)Pa(a)d"bd"a
- / (B} / rw(t@)uo) b2 (@) a.
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To show that the integral converges absolutely we notice that jr 4 (t(a)wo) is of
order |af'/* when |a| is large and at most of order |a|'/* when |a| is small. We
can find positive constants A, B such that ¢, < cY 4 g, where ¢ is a positive
constant and Y 4 p is a characteristic function of the set {z : A < |z| < B}.

Hence
|B/b]|

/l¢1(b“)jn,w(t(a)wo)ﬁiz(a)ld*a SC’/| | || =*/4|$2(a)|da.

A/b

Since ¢ (a) is rapidly decreasing when |a| is large, it follows that the value of the
integral is rapidly decreasing when |b| is small. When |b] is large the integral is
of the order of [b|~1/4. Tt is now clear that integrating further with d*b = [b|~'db
will converge absolutely both at 0 and oco. ]

LEMMA 8.2: Let f: Uy — C be given by (8.3). Then
/G f(9)iny(9)dg
- / b (0)d"D / pa(o)d’c / Su(u) 6y [ inp(0()u0) 2 (2)d

Proof: Integrating as in the proof of Lemma 8.1 and using the invariance
properties of iy y, the proof is obvious. |

PROPOSITION 8.3: i, 4 (n(z)wg) is the A-Fourier transform of the function
iz lal ™ in e (ta)wo).

Proof: 1t follows from (8.2), Lemma 8.1 and Lemma 8.2 that
-———1 3 2 * .
L(ﬂ',l/?) /]ﬂ,¢(t(a)w0)¢2(a)d a= /zr,¢(n($)WO)¢2(.'L‘)d17

for all ¢ € CX(R*). After writing d*a = |a|~da the proposition follows from
standard Fourier analysis. 1

Using Proposition 8.3, Theorem 6.4 and formulas (25}, (28) on p. 54 and (27),
(30) on p. 110 of [6], we can now compute i,y for every irreducible unitary
representation 7 = w(u, 1) of G. For the detailed computations see Appendix
3. We give here the final results:

COROLLARY 8.4: Let m = w(u, p™t) and ¢ = .
(i) If p(x) = |z|* /2 sgn(x) with d € N, then 7 is a discrete series represen-
tation and we have

iy (n(9)00) = mf—lﬁ)(sgn(yw%’;’Ee*”/w-l/z<n|A|/w|),
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(ii) If p(z) = |z|*"(sgn(z)” with r € R and 5 € {0,1}, then
. 1 |Alm
i p(n(y)wo) = ,
»(n(@)wo) L(m,1/2) sin(nir)/2|y]
x[((-1)7H1 BN/ 1 ggn (y)ie™ ONT/2) g (x| /y])
+((~1)"e¥8PON(T/2) _gon(Ay)ie¥8r OV T/2) 7 (7| /|y)-

™Ay gsgn(My)(wif4)

(iii) If pu{z) = |z|"(sgn(z)” with 0 < r < 1/2 and 5 € {0,1}, then
by (n(y)tp) = P

my ATyt L(m,1/2) sin(nr)/2Jy]

X [((=1)7+1 BN 1 sgn (Ay)ies"ONCTT2) 7 (x| A/ ly])

+((=1)"e VTR _ggn(Ay)ie® MDD T (x| /[yl)].

™M/ Y gsgn(Ay)(mi/4)

9. GL(2) double cover, notation and preliminaries

In the next part of this paper we will prove a regularity theorem for Bessel
distributions on the double cover of GL(2) and SL(2). The method of proof is
similar to the proof of the regularity theorem for Bessel distributions on GL(2)
which was employed in Section 7. In that proof we used a kernel formula and
an inner product formula in the Kirillov model. Since such formulas are not
known for the double cover case, we will need to obtain them before we can
prove the regularity theorem. We start in this section with some notation and
preliminaries on double covers.
For a,b € R* we denote by (a,b) the Hilbert symbol, which is defined by

_ (-1 ifa<0Oandb<O,
(a,0) = { 1  otherwise.

(Y

_fec ifc#0
X(g)_{d ifc=0.

For g1,92 € G = GL2(R) we define the cocycle a(gi, g2) to be

Let

and set

b

X(glg2))(X(9192) x(glgz))
" x(g1) x(g91) * x(g2)

see ([12], p. 41). We let G be the metaplectic cover of G, i.e.,

o(g1,92) = ( det(g)

G ={[g,€]: g € G,e = £1}
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with multiplication given by

(91, €1]lg2, €2] = [9192, (91, g2)€1€2)]-
The group G fits into the exact sequence
(9.1) 19 {1} G -G -1

In general, if H is any subgroup of G we let H denote its full inverse image in
G. In particular, if (9.1) splits over H, then H is the direct product of {1}
with H. We note in particular that (9.1) splits over N.

We let S = SLy(R) and S be the metaplectic cover of S viewed as a subgroup
of G. We shall identify an element g € G and ¢ = 1 with

(9.2) g=[9,1]1€G, e=le,e€q.

We let N, A and B be subgroups of GG as defined in Section 2. Let Z be the
center of G. The group Z is Abelian but not central in G. Let z(c) = diag(c, ¢).
The commutation is given by

(9.3) 92(c) = z(c)g(det(g), c)

where z(c) is identified with {2(c),1] in Z, g = [g,1] is in G and (z,y) is the
Hilbert symbol of z,y € R*.
Let K be the group of elements of the form

[((enter st ]

We can identify the group R/47Z with K via a map r: R — K such that

(9.4) r(r) = [(“01 _?1>,1].

10. Genuine representations of SL:(R)

We recall some results of [7] on the classification of genuine irreducible unitary
representations of 5.

Let o be an irreducible unitary representation of S on a Fréchet space F. We
say that ¢ is genuine if

ole)v=ev, fore=+landallveF.

As in [21] we will consider the family oy, s of induced representations:
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Definition 10.1: Let n € {0,1} and s € C. Let o, be the representation of S
on the space of smooth functions f: S — C satisfying

(10.1) flen(z)s(a)h) = ex(a)(sgn(a))"|al** f(h)
where t € R,a € R*, e =+1, h € S and

(1 ifa>0
'y(a)_{i ifa <0.

We denote by F,, , the space of gy, ,, that is, the space of functions satisfying
(10.1).

Notice that S acts on F,, , by right translations via the formula
(on,s(h1) f)(R) = f(hh1).

The Lie algebra Lie(S) = s = sly acts on o, by left invariant differential
operators via the formula

d
(10.2) D) = d—t(f(hew))lt:o, De€s.
We let V(n, s) be the space of functions V, f € o, s defined by

Vi(z) = fwn(z)).

Since the mapping f — V; is injective, the space V(n,s) admits an S and s
action which is isomorphic to o, . In particular, we will need the following
actions on V € V(, s):

(103) (wV)(2) = 7(2) sign(@))™ a1V (=2 7Y),
(10.4) (XV)(z) = (V(2)),

where X is defined in Section 2. It follows from (10.3) that
(10.5) V(z) = O(|z|~*1)

for |z| large and V € V(n,s). By (10.4) the derivative of V is also in V(n, s),
hence inductively we have

LW (@) = 0el )

for |z| large and V € V(7,s). We define the Fourier transform of V' by

(10.6)

(10.7) Vi) =Vi(y) = / V(z)e " d,
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where dz is now the standard Lebesgue measure on R. By (10.5) this integral
converges absolutely when Re(s) > 0. Since V(x) and all its derivatives are in
L}(R), it follows from standard Fourier analysis that:

LEMMA 10.2: Let s € C and assume that Re(s) > 0. Let V € V(n,s). Then
V(y) is a continuous, bounded and rapidly decreasing function on R. Moreover,

(10.8) V(z) = /V(y)eQ’(iyxdy.

Finally, we shall consider another model for o, s, which we denote by V(n, s)
consisting of functions V, V € V(z,s). When Re(so) = 0 and ¢ € V(n, so) we
define ¢ using analytic continuation as follows: We choose a section V; € V(n, s)
as in [16] such that V;, = ¢. This is done by fixing n and taking a section
fs € V5, . such that f; restricted to K is a smooth function independent of s.
In other words, a section f; is such that there exists a smooth function p on
R/47Z such that fs(r(6)) = p(6) (see (9.4) for the definition of r(8)).

At this point, V; is defined for Re(s) > 0 by (10.7). By [16], Vi(y) is analytic
in s and has analytic continuation to C. (We will give another proof below.)

It is clear from (10.5) and from (10.6) that if Re(s) > 0, then V is bounded
and rapidly decreasing at co. We would like to get some uniform bounds in s
for the Fourier transform of a section V:

THEOREM 10.3: Let fs € F,, , be a section and let Vs = V¢ . Let s be in
a compact set @ in the region 0 < Re(s) < 1/4. Then there exists a positive
constant C (independent of s € Q and y) such that

Vi)l < Cly|7/%, seqQ.

Also, for every integer n > 0 there exists a constant C,, > 0 independent of
s € ) such that
Vs()| <Crlyl™, y€eR, seQ.

Proof: Since f; is a section, we can write
fs(s(a)n(y)r(8)) = 7(a)(sgn(a))”|al**'p(6)
where p is a smooth function as above. By [21] p. 23 we have
wn(z) = s((1+2%)72))n(-2)r(6e),
where 0, € (0,7) is determined by the equalities

sin(8,) = (1 + 2272 cos(8,) = —z(1 + 2%)~1/2.
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It follows that
Vi(z) = (14 2%)~*/272p(g,)

and that V;(z) << (14 22)~Re(®)/2-1/2 Tt is easy to see that the derivatives of
Vs(z) in the z variable satisfy the same bound. Using a Taylor expansion for p,
we can write Vi(z) = p(r)(1 + 2%)~%/271/2 4+ M () where M (z) is a smooth
function of z and the nth derivative of M,(x) satisfies

M‘gn) (117) <<pn .’1)—1(1 + .’172)—Re(5)/2—1/2,n > 0.

It follows that the Fourier transform of M is bounded uniformly in s when s is
in a compact set in the region Re(s) > —1/2 and that it is rapidly decreasing
uniformly in s. Hence, the Fourier transform of M,(z) satisfies the requirements
of the Lemma. It now remains to bound the Fourier transform of Py(z) =
(14 z2)~/2=1/2_ By ([6], 1.3 (7)) we have that

Py(y) = 2v/m(my)*/*T(s/2 + 1/2) K, pa(2mly))-

Since 0 < Re(s) < 1/4 we have that 0 < Re(s/2) < 1/8. Hence, by Lemma 20.2
we have that for s € Q,

1By (y)| <<q |y[Rels/D|y|~1/8e=2mlul,

It follows that if y is small then |P,(y)| <<q |y|~'/3, and that when y is large,
|155 (y)| is rapidly decreasing uniformly in s € Q. ]

It is easy to describe the action of s(a) and n(z) on V(n, s). One of our main
goals is to describe the action of w on V(n,s) which we will do in the next
section. It is possible to do that for all the representations considered above
or their irreducible subspaces. However, we are only interested in the unitary
representations of 5. We now describe the genuine unitary dual of S following
[7] and [21].

10.1. PRINCIPAL SERIES. For s = ir, 7 € R, the representation o, ; is
irreducible and unitary. These representations are called the principal series.

10.2. COMPLEMENTARY SERIES. For s € R, 0 < s < 1/2, the representation
0Op,s 18 irreducible and unitary. These representations are called the complemen-
tary series.

10.3. DiSCRETE SERIES. Let s € ~1/2+ N and v = 1(~1)". We distinguish
two cases:



Vol. 145, 2005 BESSEL IDENTITIES 39

CASE 1: s € —v+2Z. Then o, , has an irreducible unitary subspace. These
representations are called the holomorphic discrete series.

CASE 2: s € v+ 2Z. Then o0, has an irreducible unitary subspace. These
representations are called the anti-holomorphic discrete series.

10.4. WEIL REPRESENTATIONS. For s = —%, the representation oy, s has an
irreducible subspace which is an r;z Weil representation (see [22] p. 223). We
ignore these representations completely in this paper.

Notation: For s as in the principal series, the complementary series or the
discrete series, we denote by &, ¢, and V(, s) the unique irreducible subrepre-
sentation and subspace respectively of o, and V(n, s).

THEOREM 10.4 ([7], [21]): Every genuine irreducible unitary representation of
S is isomorphic to a unique principal series or a complementary series or a
discrete series or a Weil representation. That is, if o is a genuine irreducible
unitary representation of S which is not isomorphic to r;z then there exist unique
s and 1 as above such that o = &, .

11. A kernel formula for the action of w

In this section we describe the action of the Weyl element w in the model V;

when s is a complementary series parameter, a principal series parameter or a

discrete series parameter. As in Section 10 we shall fix for the moment A = 1,

V = V1 (see (2.2)) and dz = dz; to be the standard Lebesgue measure on R.
Our aim is to find an explicit formula of the following nature:

(11.1) wV (b) = (wV) () = / ks n(a,b)V (a)da

where V € V(n,s) (or V(s,n) in the discrete series case) and V is defined by
(10.7) when Re(s) > 0 and by analytic continuation for Re(s) = 0. In the case
of the discrete series we will only prove the result for vectors whose Whittaker
function satisfies a certain growth condition. We will show that all K finite
vectors satisfy this growth condition. We believe that the growth condition is
satisfied by every smooth vector in a discrete series representation.

To establish the formula we let V € V,, 5. Then for Re(s) > 0 we have

(112) ¥ (t) = @VY\0) = [ 2(e)egn@)™ ol >V (~a e e
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It follows from Lemma 10.2 that when Re(s) > 0 and V € V(, s), we can write

Vie) = /f/(a)e?““da.
Combining this with (11.2) we get:
LEMMA 11.1: Let s be such that Re(s) > 0. Let V € V(1,s). Then
w (b) = (V)" (b)

(11.3) _ /7(x)(sgn(x))”+l|x|_s‘le_2”b’”(/V(a)e‘”mz_lda)dﬂﬁ

We would like to change the order of integration in the above equation. To
do that we introduce a convergence factor as follows. If V € L}(R), it follows
from the dominated convergence theorem that

(11.4) V(b) = lim V(w)e—27ribze—6(|z|+|x|-1)dx'

§—0t
Hence, under the assumptions of Lemma 11.1 we have
(11.5) wV (b) =
JliI(I)l+ /,Y(x)(sgn(x))n+l e—6({xl+lml"1)ixl—s-le—%rib:c (/ V(a)e-%m'am‘lda) dz.
"

Since V € L*(R), the iterated integral is absolutely convergent and we can
interchange the order of integration to get:

LEMMA 11.2: Let s be such that Re(s) > 0. Let V € V, ;. Then
wV(b) =

lim V(a)(/7(1‘)(Sgn($))n+1|$|—s—1€2”i(—az—1_bz)_é(lxlﬂml_l)dx)da'

6—0

We write this equation in the form

(11.6) wV(b) = lim [ V(a)ksys(a,b)da

§—0+t

where
(1L.7)  ksps(ab) = /ry(x)(sgn(x))'fH—l[al——s—leZM(—az‘l_bz)—d(lxl+|z|—1)dx.

We shall now compute ks 5(a,b) and prove that we can interchange the limit
and integration in (11.6) to get the formula that was promised in (11.1).
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11.1. A BRANCH OF THE LOG. We remove the ray (—o0,0] from C. For
z € C\ (—00,0] we write z = re? with —m <8 < 7 and r > 0. We let

Log(z) = Log(r) + i6, z° = es-8(2),
In particular,
(11.8) 212 = pl/2%9/2,
11.2. COMPUTATION OF Kk, ps5(a,y). The following formula is an easy conse-
quence of a formula in [24] p. 182:
LEMMA 11.3: Let a1,as € C be such that Re(a;) > 0 and Re(as) > 0. Then

[e o)
K(s,a1,a2)=/ g lem /e e2m gy
0

(11.9)
/2-1/2 1/2
= (&) ol

a2

where K is the classical K Bessel function and the square root, and power is
taken as in (11.1).

LEMMA 11.4: Assume that s is in a compact set @ in C. Then

a
[K(san,a)] <<q [ 2] 20 %0y,
Proof: This follows from the fact that |z¥]| = |z|Re()e—2r8(x)Im(¥)  Gince
|arg(z)| < 7 and Im(v) is bounded, we get that |z¥| << |z|Re(). |

We separate the integral in (11.7) into two parts:
ksy.5(a,b) = kT ns(a:0) + kg, 5(a,b)
where
o0
Kl ns(ab) = / V(@) (sgn()) " ] 7oAl en T o)~ g
817’7 ?
0

00
R -1 .
:/ w—s—le(—2ma—-5)x +(—27rzb—6)a:dx
0

= K(s,0 + 2mia, § + 2mwib)
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and

0
kensla,b) = / V() (sgn()) ™+ o] o tetmil-os T —be)=HlalHel T g

—00
0
— / 1:(_1)11+1 *x‘—s—le(—21ria+6)x_1+(—27rib+6)zdx

-0
=i(-1)"! /°° g8~ 1e2ria=0)z ™ +(2rib—b)z 3,
0
=i(=1)"1K(s,d — 2mia,§ ~ 2mib)

LEMMA 11.5: Fix s with 0 < Re(s) and fix b # 0. Assume that § < 1. Then
for |a| small

(11.10) |ks,n,5(a,b)] << |a]~ B,
and for |a| large

(11.11) lksn,5(a,b)| << la| M4,
where the implied constants are independent of § < 1.

Proof: By Lemma 20.2 we have that |K,(z)| << |2|~Re(s). Hence, using
Lemma 11.4 we get that

|ks,m5(a,b)| << |8 + 2mia)~Re®) 4 |§ — 2mia|~Re(®) << |27ia)~ R,
To get the second bound we notice that by Corollary 20.4 and Lemma 11.4,
\ks.n.s(a,b)] << |6 + 2mia| " Re(&)=1/4|5 4 omrip|Re(s)—1/4
when |a| is large. When Re(s) < 1/4 we have that
|0 + 2mib|Re()=1/4 < |27ip|Re()-1/4 = 0(1).
When Re(s) > 1/4 and é < 1 then
|6 + 2mib[Re()=1/4 < |1 4 2mib|Re(8)1/4 = O(1).

When |a| is large and § < 1 then |§ + 27ia] = O(la|) and we get the result.
[ |

We will now apply dominated convergence in (11.6) to get the desired kernel
formula.
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11.3. COMPLEMENTARY SERIES. We fix s with 0 < Re(s) < 1 and we fix
b # 0. We assume that 0 < § < 1. By (11.10), we have that |k, ; 5(a,b)]
<< la|~Re(s). By Lemma 10.2, V(a) = O(1). It follows that we can use
the dominated convergence theorem in (11.6) at 0. By (11.10), we have that
|ks.n.6(a,b)| << |a|='/* when |a| is large. By Lemma 10.2, V(a) is rapidly
decreasing at oo. It follows that we can use the dominated convergence theorem
in (11.6) at oo to conclude that

1L12)  wi(p) = / (@) lim, kop,o(a ))do = / ¥ (a)ks.n(a, b)da
where
ks.n(a,b) = lim ksy5(a,0).
Then for 0 < Re(s) < 1 we have
(11.13) ksn(a,b) = K(s,2mia, 21ib) +i(—1)"T K (s, 27ia, 2mib)
= |27 s ok rlabl 200 + i(-1)7 4] gy 2K (et )

where

it ifa>0andb<0; t ifa>0andb>0;
(11.14) %,b‘—‘{—i ifa<0andb>0; ’ya,bZ{—i ifa<0andb<0;
1  otherwise; 1 otherwise;

and

—i ifa>0andb<0; —3 ifa>0andb> 0
(11.15) agp = {z ifa<O0and b>0; éup =<1 ifa<0andb<O0;
1  otherwise; 1  otherwise.

LEMMA 11.6: Fix b# 0. Let s be in a compact set () in the region 0 < Re(s)
<1/4. Then

(11.16) Iks,n(a,b)] <<q la| /1.

: ! l ‘Es,n( 9 ) and from Lemma 20.2
that a,b [
Iké‘,:q(af,b)l <<Q Ia] He(s)/2—1/8‘

Hence, when |a| is small we get our result. From Lemma 20.1 we have that
|ks,n(a,b)] <<q |a|‘Re(S)/2—1/2.

Hence, we get our result for large |a|. [ |
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11.4. PRINCIPAL SERIES. Assume that 0 < Re(s) <1 and let V; € Vs be a
section. By (11.12) we have that

Wy (b) = (W) (b) = / ke (a, b)Vs(a)da

where k; ,(a,b) is given by (11.13). We would like to extend this formula to so
with Re(sg) = 0. To do that we note that for fixed b, the left hand side of the
above equation is an analytic function in s. Hence we have

(11.17) wVeo () = lim | ks n(a,b)Vs(a)da

S$—+80

where the limit is taken on a compact path to sy coming from the right. We
shall now use the dominated convergence to bring the limit inside the integral.
By Theorem 10.3 we have that |V,(a)| = O(|a]~1/8) when s is in a compact set
in the region 0 < Re(s) < 1/4. By (11.16) we have for such s that |ks ,(a,b)| =
O(|a|~1/*). Hence we can use the dominated convergence theorem at a = 0 in
(11.17).

By Theorem 10.3 we have that V;(a) is rapidly decreasing at co uniformly for
$ in a compact region as above. By (11.16) we have for such s that |k; n(a,b)| =
O(|a|~'/%). Hence we can use the dominated convergence theorem at a = oo in
(11.17).

We conclude that (11.1) holds for s = ir, 7 € R with ks ,(a,b) given by
(11.13).

11.5. DISCRETE SERIES. Our starting point is (11.12), which is valid for
Re(s) > 0 and, in particular, for s € —1/2 + N. We fix such s. We will further
assume that V € V(n,s) (see Notation 10.4). In order to apply the dominated
convergence theorem we will need the following lemma:

LEMMA 11.7: Let s € —1/2+ N and V € V(n,s) be a K-finite vector. Then
[V (a)| = O(|al®) when |a| > 0 is small.

Proof: Assume first that s € —v + 2Z, that is, the holomorphic discrete series
case. Then V(a) = 0if a < 0 and the Lemma is true for such a. Let a > 0. We
have that

(11.18) V(a) = a®* "V 2Wy (s(Va))

where Wy is the Whittaker function associated to V. By [21] Lemme 12, it
follows that if V is the lowest weight in the holomorphic discrete series then

(11.19) Wy (s(a)) = O(a*t")
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when a > 0 is small. By applying the differential operator X repeatedly to the
lowest weight vector, it is easy to see that all K-finite vectors satisfy (11.19).
Now the lemma follows from (11.18).
Anti-holomorphic discrete series: If s € v + 2Z, then V(a) = 0 if a > 0 and,
for a < 0,

V(a) = la|*~V2Wy (s(V/]al))

for some Whittaker function Wy . Using the formulas in [21] Lemme 12 for the
maximal weight and applying the same arguments as before, we again reach the
same conclusion. ]

We are now ready to apply the dominated convergence theorem. Let s €
—v+2Z and V be as in the Lemma above. Since V(a) = 0 for a < 0 we only
need to worry about the positive integration. When q is large, V(a) is rapidly
decreasing and ks, 5(a,b) is bounded independent of §. Let V' be such that
V(a) = O(|al*) when |a| is small (this includes all the K-finite vectors by the
above lemma). Since ks ,5(a,b) = O(|a|~*) independent of § < 1, we can apply
the dominated convergence theorem to (11.12) to get

wV (b) = / V(a)(él_if& ks n.6(a,b))da.

We again let & ;(a,b) = lims_,o+ ks,5,6(a,b) and get that k, ;(a,b) is given by
(11.13). A similar argument for the anti-holomorphic discrete series will yield
the same formulas.

We now compute ks, (a,b) explicitly for the holomorphic discrete series and
the anti-holomorphic discrete series.

11.6. HOLOMORPHIC DISCRETE SERIES. Assume that s € —1 + N and s €
~v+2Z. Herev = :l:% and n € {0, 1} is determined by the equation v = £(-1)7.
It follows that (—1)7 = (=1)+/2. If V € V(1, s), then V(a) = 0 for a < 0 and
wV (b) = 0 for b < 0. Hence we can choose ksn(a,b) =0fora<0orbd<0.
Now assume ¢ > 0 and b > 0. Then

kn s(a,b) =2(a/b) /2K (4mivab) + (—1)**%/% K ,(—4riVab)
=2<a/b>-s/2(——”i2’—i”—2< o, (/) — J_o (4 /)

isin(ms)
(71'2/2) smif2
isin(ms)

+ 2(a/b)=5/2(=1)+3/2 (—e*™ J (4nVab) + J_(47Vab)).

Since s € —% + N we have that e™*%/2 = —es™/2(—1)*+3/2{. Hence the
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coeflicient of J_; above vanishes and we have

(11.20) kna(0,8) = (a/8) ™/ ——(=e"™? 4 (=1)" /i) J, (4 ab)
' =2(a,/b)‘3/2 7r —31r1,s/2J 471_\/_

sin7s

11.7. ANTI-HOLOMORPHIC DISCRETE SERIES. Assume that s € —3 + N
and s € v + 2N. Here v = +1 and 5 € {0,1} is determined by the equation
v = 1(=1)". It follows that (-1)" = (=1)*"Y2. If V € V(n,s) then V(a) =0
for a > 0 and wV (b) = 0 for b > 0. Hence we can choose ksn(a,b) =0fora >0
or b > 0. Now assume a < 0 and b < 0. Then

ks.n(a,b) =2(|a/b]) /(K (—4mivab) + (=1)*tV/% K (47iVab)
s 2(7”/2) smi/2 —87mi
/ ———-——(—e Js(4mVab) + J_(4mVab))

=2(a/b
(afb) isin(ms)
2 12, (=mi[2)e= 2
+ 2a/b| 2 (—1)s T2 L2 (57T (4nv/ab) — J_ (4m/|ab])).
isin(7s)
Since s € —1 + N we have that e*™/? = —e=*"/2(~1)*+1/2;, Hence the

coefficient of J_, above vanishes and we have

Kon(@,8) = la/bl /2 T (—emom/% 4 (<1)°=12ies™/2) 1 (4 /fab)

(11.21) —2|a/b|’s/2sm — e*™%/2 J (4m+/]ab]).

We now summarize our results in this section.

THEOREM 11.8: Let s be such that 0 < Re(s) < 1 or such that s € —3 + N.
Let n € {0,1}. Let V € V(n,s), and if s € —3 + N we further assume that
V € V(n,s) and that V(a) = O(|a|*). Then

(11.22) wV () = (wV) b) = / ks n(a,b)V (a)da

where ks 5{a,b) is given by (11.13). Moreover, if G, s is a holomorphic discrete
series, then we can choose ks n(a,b) =0 for a < 0 or b < 0 and k; ,(a,b) is given
by (11.20) for a > 0 and b > 0. If 5, , is an anti-holomorphic discrete series,
then we can choose ks n(a,b) =0 for a > 0 or b > 0 and k, ,(a,b) is given by
(11.21) for a < 0 and b < 0.

We end this section by a simple generalization of (11.22) which we will need
later. Let A € R*. For f € L}(R) we define the A-Fourier transform by

) = / f(@)e~ "M dy
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here, dyz = |A|'/2d;z where d; is the standard Lebesgue measure on R. Then
(11.23) L) = 2P @/

Hence if V satisfies the conditions of Theorem 11.8, then we have

XT3V (b/A) = A 7H? / ks m(a, )V (a/N)dxra.

Hence

wVA(b) = / IA|ks 5 (Aa, AB)V > (a)dra.
We define
(11.24) k. s(a,b) = |A[*/2ks (A, Ab).

Hence, for V' as in Theorem 11.8, we have

(11.25) wVA(b) = / kx.n.s(a,b)V*(a)da.

12. Genuine representations of GL;(R)

We recall some facts from [7]. Let G = GL2(R) and let G* = {[g, €]| det(g) > 0}.
Its center is Z. Let o be an irreducible admissible genuine representation of S.
Let F, be the space of 0. Let p be a character of Z whose restriction to Zn S
agrees with the central character of 0. We can extend o to a representation
ux o of G* = Z8 given by

u X o(z3) = u(2)o(3).

PROPOSITION 12.1 ([7]): The representation = = Ind(p x 0,G*,G) is irre-
ducible. Moreover, every irreducible admissible genuine representation = of
G is of the form 7 = Ind(y x 0,G*,G) for some irreducible admissible genuine
representation ¢ of S and some character p of Z.

Let F, be the space of w. It is easy to describe the unitary representations
of G via the unitary representations of 3.

LEMMA 12.2: Let o be an irreducible admissible genuine representation of S.
Then © = Ind(u x 0,G*,G) is unitary if and only if ¢ and p are unitary. In
that case, the G invariant hermitian form on F, is given (up to a scalar) by

< F1,F; >6=< Fi(e), F3(e) >5 + < Fi(e1), Fa(e1) >z
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where <,>g is the invariant inner product on F, and e,e; are defined in
Section 2. Here F\,F, are in the induced space F,, that is, F;: G = F, is
smooth and satisfies F;(g*g) = p x o(g*)Fi(g) where g* € G*, § € G and
1=1,2.

Remark 12.3: If F, is given as a space of function F, = {f,} where f,: S - C
and the action of S is by right translations, then we can realize 7 =
Ind(p x 0,G*,G) as a space of smooth functions F: G* x G — C satisfying:

(1) A+ F(h,§) is in F, for every fixed § € G.

(2) F(zg*,3) = p(2)F(g*,§) forall 7€ Z,g* € G* and g € G.

(3) F(9193,3) = F(g3,959) for all g}, 95 € G* and g€ G.

13. A kernel formula for the action of w in the Whittaker model

We use the results in Section 11 to derive a kernel formula for the Weyl element
in the Whittaker model of a genuine irreducible unitary representation of G.
This formula is an analog of the kernel formula in [5] for unitary representations
of G which we reproduced in (6.1). We remark that the same method can be
applied to prove the formula of Cogdell and Piatetski-Shapiro. We carry out
this process for G in Appendix 2.

Let G, be an irreducible unitary representation of S as defined in (10.4).
That is, assume that either s = ir, r € R or s € R and either 0 < s < 1/2 or
s € —1/2 + N. Moreover, if s € —1/2 + N then we let F5, , be the space of
functions defined in 10.4.

Let 1 be a unitary character of Z extending the central character of 6, ;. Let
m(1,ym,8) = Ind(p x G56,G*,G). Then by Remark 12.3, Fr(u,m,s) is the space
of functions F: G* x G — C satisfying h — F(h,3) is in Fs,.. for every fixed
g € G. In particular,

(13.1) F(zs(a)n()g", 9) = n(2)v(a)lal**' (sgn(a)"F(g", 9).

For F € Frun,s) we define

(13.2) Vre(z) = F(wn(z),e), Vre,(z) = F(wn(z),e1).

13.1. WHITTAKER MODELS FOR 7(u,7,s). Fix A € R*. Let
¥a() = €2

and let ¢ be a character of N defined by

P(n(z)) = Ya(x)-
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Let 7 be an irreducible unitary genuine representation of G on a Fréchet space
F = F, and let  be a character of Z extending the central character of 7. Let
L be a continuous linear functional on F. We say that L is a (¢, u) Whittaker
functional on F if

L(m(Z)m(n)v) = w(2)¥(n)L(v), forallz€ Z, ne N, veF.

It is well known that the space of such functionals is at most one-dimensional.
Given a (¢, u) Whittaker functional L on F we let

Wv(g) = L(ﬂ-(g)v)a g € G, Ve F.

Then G acts on the space of such functions by right translations. This is called
the Whittaker model of 7.

We now construct such functionals for w(u, 7, s).

For F € Fr(yun,s) We define

LT(F) = /F(wn(a:),e)z,/),\(-—x)dx, L=(F) = /F(wn(x),el)wx@)da;.

Here dr = dyz. The integrals above are absolutely convergent if Re(s) > 0
and they are defined by analytic continuation in s otherwise (see Section 10).
It is easy to check that LT is a (1, ) Whittaker functional and that L~ is a
(1, ) Whittaker functional where

(13.3) wh = p,n”(2(c)) = sign(c)u(2(c)).

We remark that L* or L™, but not both, could be identically zero on Fr(, 1 ).
When these functionals are nonzero we obtain two Whittaker models for
m(, 7, s): One given by the functions

Wi (9) = L*(n(g)F)
and the other obtained by the functions
Wi (§) = L~(x()F).
In particular, we have
(13.4) WE (@) = [ Flun(o),ta)n(~2)dz
Wi (t(@) = [ Flun(z), (-0 (2)ds.



50 E. M. BARUCH AND Z. MAO Isr. J. Math.
If a > 0 then we have
Wi(t(a)) = /F(wn(z)t(a),e)w,\(—x)dﬂr
= | F(wt(a)n(a 'z),e —x)dr
) | Flut(@n(aa),epin(-a)
/F(z(\/_ (vVa Hwn(z), &) (—az)adz
= u(va)a' =2V (a).
Here Vﬁ{e is the A-Fourier transform of Vi, (see (2.3).) We let x(|a|) =
1(+/]a)la)t!=*}/2. Then similar computations as in (13.5) will give
x(la)Vi (@) ifa>0;
13.6 Wi (t(a)) = <
129 Flrte) {x(lal)Vp 2a) ifa<o
and
Vi ifa>0;
(13.7) Wz (t(a)) = { XD };el(“) ifa>0
x(Ja)Vg (a) ifa<O0.
Our goal is to prove the existence of functions k*+(a, b), k7~ (a,b), k=% (a,b),

k™~ (a,b) such that

(138) @WHEO) = [ K (@ W (t(a)da+ [ K~ (0, ()W (t(a))da,

(13.9) (wWpg)(t(

/k (g, BWiE (t(a))da+/k = (a, bW (t(a))da.

This will follow easily from (13.6), (13.7) and (11.25). By (11.25) we have

wVI.’ﬂ\,e(b

Hence if we choose

E

=
a—
s

(13.10) ktt(a,b) =

O/x\x
R

X |>
[~
RIS

(13.11) Kt (a,b) =

Oi{\x
Bl

)= / Fama(@B)V2, (a)da, wVi (b

‘))‘kx,n,s (a,b)
Bk 5,n,5(a,)

bk _xn,5(a,0)
Bkx,n,s(a,b)

()d.

/k,‘ A,,sab

ifa>0andb>0;

ifa<0and b<0;
if ab < 0;

ifa>0and b<0;

ifa<0andb> 0
if ab > 0;

and similarly for k>t and k™, then (13.8) and (13.9) will be true.
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LEMMA 13.1:
(13.12) pla kT (1,ab) = |alkt T (a,b),
and the same is true if we replace k*>t with k™, k=% and k= .

Proof: The proof is by direct computation. We will assume A > 0 and prove
the equality for k*>*. For the other cases the proof is similar. By (13.10), we
have that if ab < 0 then kt+(1,ab) = kTt (a,b) = 0. Hence we can assume
that ab > 0. In that case

pla= )k (1, a) :u<a~1>"f(’("f)') Erms(1,0b)

=2A12p(a™") u(+/]abl|ab| *=2)/2|ab|*/?
(13.13) X (Ks(4m|ab|1/2) +i(=1)" K (—4miX|ab]'/?))

=9\1/2 “((\/\ﬂﬂ)) (sign(a))|ab[*/2

x (Ko(4miX|ab]'/?) + i(—1)T K4 (—4mi|ab['/?)).
On the other hand, we have
la]k** (a,b) =

2A1/2“(‘/ﬁ)| B|Y/2(K ,(4mi|ab|/?) + (1) K (—4miA|ab]'/?))

u(+/lal)

if a > 0 and b > 0 while
lalk**(a,b) =
2A1/2 “(m)| b2 (K (—4miA|ab|t/?) 4 i(=1)" K (4mi)|ab|*/?))

p(v/lal)

if a < 0 and b < 0. Since
. 1 ifa>0,
u(sign(a)) = {i(—l)" if a <0

we get our equality. |

We now transform &+, kt~, k=%, k=~ into functions on an open set of
G. Fix A € R* and let ¢ = ¢. Let # = w(u,n, s). Letyww,er,]:J jvrz/z

be functions on BwB defined as follows:

(13.14) ixy (Hayw) = k**(1,0),
iry (An(@)gn(y)z2) = ut (2R ()0 @9 0)in ) (9).
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Here § € BwB; j:,’zb_’ I 12' and j o, are defined in the same way. It is easy
to check that j:’ J and the others are well defined. Our main theorem of this
section is the following.

THEOREM 13.2: Let F € Fr(u,n,s). If m is a discrete series, we assume
further that W (t(a)) and W (t(a)) are of the order |a|'/***/? when la| is
small. (Notice that this condition is satisfied by the K-finite vectors). Then

Wi(g) = / Gt )W (@) d a + / J (@t W (Ha)d"a,
Wi(g) = / STt )W (Ha)d"a + / J25 (@t Wi (Ha))da
Proof: Let § =t(b)w. Then

JE(@ta™) = 5F7 tbwt(a™)) = (a5l (2(a7)t(ab)w)
= (a7b,a " Hpla~ kT (1, ab) = pla )kt (1, ab).

The last equality follows from the fact that k™7 (1,ab) = 0 if ab < 0 and that
(a'b,a™!) = 1if ab > 0. By (13.12) we get that j:’,;;r(gt(a‘l)) = |alk* " (a,b).
After obtaining similar equalities for j:, v j;J and j we can use (11.22) to
get the desired formula |

Remark 13.3: The reader might find the transition from the kernel formulas
of Section 11 to the kernel formulas in the theorem above a little cambersome.
Our opinion is that the kernel formula in the Whittaker model above is the
more simple and natural of the two. We mention that the same Whittaker
kernel formula appears in the p-adic case ([18], [4]) where it is proved differently.
The main difference is that here we use the classification of irreducible unitary
representations, while in the p-adic case only the existence of a Whittaker model
is used. The reader is encouraged to compare the two proofs.

We end this section with explicit formulas for ] Wthh we shall need later.
These formulas are easy to obtain using (13.14), (13 10), (11.25), (11.13) and
[14].

(1) # =w(u,n,ir), r € R.

a>0:

Jnsy (Ha)yw)
_ x(lal)kms(l’a)

x(1)
= p(la]/?)a| 2| X 2k 5 (A, Aa)
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= 2|\ 2 u(v/[al)]al'/? (Kir (4mid|a]'/?) + i(=1)" K (—4mi)|a]'/?))
(INY2u(y/Tal)a] /2 gy L™/ 4+ i(=1) 7+ el /2) Jip (4 | |a]/2)
+(=el™/2 4 4(=1)7e=(N2) T (4x|A o /2)]
-y if >0

A2 u(y/TaDlalV? gy (e 4+ 4(= 1) 1e=()/2) g, (47| A o] /2)
+(—e~ (/2 4 4(~1)7e(™)/2) J_y (47| \]al}/2)]
Lif A < 0;

a <0
Jry (tHa)w) = 0.

(2) * =7m(u,n,3),s€R,0<s<1/2.

a>0:
Jrg (Ha)w)
(M2 u(y/TaD)lal'/? Gy [(el™i9)/2 4 i(=1)mH e (ma)/2) ], (47| A]|af/?)
+(—e~(789)/2 4 4(_1)me(m9)/2) J_ (47| M| |a]"/?)]

if A>0;
A2 TaDlal 2 s (o792 4 i(—1y7H et /2) g, (4 A af12)
+(-elT9/2 4 i(—1)7e5/2) ], (4| o] )]

Il

a<0:
Jey (ta)w) = 0.

3) 7 =m(u,m,s), s€ —-1/2+ N, s € —v+2N.
it (tHaw)
_ {2|A|1/2p(\/|a|)ja|1/2#Ee*ws/ws(zxnuh/]a]) ifa>0and X > 0;
0

otherwise.
iy (ta)w)
_ {21)\|1/2,u(\/|a|)|a|1/2—-"—6‘3”is/2Js(47r|)\|\/|a|) if a > 0and A <0;
0

sin7s :
otherwise.

(4) m =w(p,n,9), s € -1/2+ N, s € v+ 2N.
iy (taw)
_ { =2\\2u(\/]a])|a|'/? ==—e375/2 J (4nr|A\|y/]a]) ifa>0and A <0;

sinrs g
0 otherwise.

Jux (Ha)w)
_ { —2\V2u(/Ja])|a|t/? —Z—e37i/2 ] (4| A /Ja]) if @ > 0 and A > 0;
0

sinws ]
otherwise.
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Remark 13.4: In the holomorphic discrete series (case (3)) we have that when

A> 0,505 =47 =47, =0,and when A <0, j " =g =0 =0.

LB

A similar situation occurs in the anti-holomorphic discrete series.

COROLLARY 13.5: Let m be a discrete series representation. Then

) =it @™, @) =g Y.
Proof: Using the invariance properties of ]:J— it is enough to prove the equality
for g = t(a)w. In this case g7! = w™lt(a™?!) = z(—a~!)t(a)w. Hence it is
enough to prove that
T (Ha)w) = p* (=a)sf o (ta)w)

for all a € R*. This follows easily from the formulas above. |

COROLLARY 13.6: Let 7 be a genuine irreducible unitary representation of G.
Then

iEE(s(aywo) = O(a[?) and jEE(s(a)w) = O(laf'/?)

when |a| is large.

14. Local integrability of 3:’;)’ and j

Let # be a genuine irreducible unitary representation of G and fix a character
¥ = ¥ of N. Let j+ = j7 and j;~ = j,; be the functions on BwB
defined in Section 13. We extend them to G by setting them to be identically
zero outside of BwB.

THEOREM 14.1: j:HT and jo»~ are locally integrable on G.

Proof: We note that G is a union of two connected components:
Uy ={g=[g,€]:det(g) >0} and U= {g=[g,€]:det(g) <O0}.

It is enough to prove that 57+ and j; >~ are locally integrable on each connected
component. We will prove that j¥++ is locally integrable on Uy, the other cases

being similar. Let f € C2°(G) be positive. We need to show that

/ 5+ @) F(@)dg < oo

Uy
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for every such f. Let U’ = U; N BwB. Then U’ is the set of elements of the
form g = (g, €] with g = n(z)s(a)z(c)wn(y). We write

55 @) (@)dg = / B E@s@eun), 1)
¢>0,0 *ZLY
% f([n(z)s(a)z(chun(y), 1])|a|2d" adzd*cdy
+ / i (n(@)s(a)z(Jwn(y), 1))
¢>0,a€R* z,y€R
x| £(In(@)s(a)z(chwn(y), ~1])|a|*d"aded"cdy.

We shall show that the first summand is finite. Similar arguments show that

Uy

the second is finite.

4 (n(2)s(a)2(c)wn(y)) | f (n(2)s(a)2(c)wn(y))lal > d" adad" cdy
c>0,0€R*,z,y€R

= [lire@ol( [ fot@s@xeuni)dsdcdy )i
c>0,z,yER
Let Oy (f,a) = fc>0’zyy€Rf(n(w)s(a)z(c)wn(y))dxd* cdy. By Proposition 4.1 we
have that O)|(f,a) = 0 if |a| is small and O)|(f,a) = O(|a|) if |a| is large. Using
Corollary 13.6 we get that the above integral is finite. |

15. Inner product in the Whittaker model

Let (m,F) be an irreducible genuine unitary representation of G with central
character . Let u* and p~ be the two characters on Z extending . Let
¥ = 9, be a nontrivial character of N. Let LT and L~ be (¢, u*) and (3, ™)
Whittaker functionals on F respectively and we assume that they are nonzero
if possible.

Our aim in this section is to prove that there exist nonzero scalars ¢t and ¢~
such that
(15.1)

< By Fy>=ct / Wi (@) WE (@) d"a + / Wi (ta)) W, (t@)d*a

is a G invariant continuous inner product on F. Here Fy, Fy € F and W% (9) =
LE(n(g)F) for g € G, F € F. In the discrete series case we will prove this
formula for K-finite vectors and for vectors satisfying a certain growth condition.
We believe that the formula is true for all smooth vectors.

The measure d*a appearing above is dja. For the moment we will fix A =1,
da = d;a the standard Lebesgue measure on R and d*a = da/|al.
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Remark 15.1: The convergence of the above integrals follows from the fact that
WF-i (t(a)) is rapidly decreasing at oo and of the order of |a|® with 5 > 0 at zero.
(See (13.6), (13.7), Theorem 10.3, Lemma 10.2 and Lemma 11.7.) In the case
of the discrete series we shall assume that W}j (t(a)) is of the order of |a|® with
B > 0 at zero. It is also clear that < Fy, Fy > is continuous and invariant under
B, the upper triangular Borel of G, for every ¢t and ¢~ and all such vectors.
Thus it remains to prove the existence of ¢c* and ¢~ such that < Fy,Fy > is
positive definite and invariant under w.

15.1. PRINCIPAL SERIES. Let o = &, be the representation of S on F;
(See Section 10.) It is easy to see that

.ar "

<fifa>= / f1(wn(@)) T (wn(@)ds

is a convergent S invariant inner product on F5 By definition we have

n,ir’

< fi, fo >= /fo(.T)Vh(.’L‘)d:E.

Since V;, € L2(R) and V}, € L'(R) (here V = V') we have that

(15.2) [ Vi@ Va@ids = [ V3,075 @0

Let ut be a character of Z extending the central character of o = &y ;» and let
7 = m(p,m,97) = Ind(G*, G, 0 ®u), realized on a space of functions F: G* xG —
C satisfying (13.1) and the other relations of Section 12. Then by Lemma 12.2,
(15.2), (13.6) and (13.7) we have that

<F,FR >=/Fl(wn(x),e)Fz(wn(a:),e)dx+/Fl(wn(x),el)Fz(wn(x),el)d:v

= [T @+ [ Vi @7 (e
153) = / (i) XN TWE ()W (t(2) de
i / ) XTI, ()W, (@) de

=/W1;'$1 (t(w))W};(t(x))d*x+/W;1 (t(z))Wg, (t(z))d" z.

15.2. COMPLEMENTARY SERIES. Let o0 =4, , with 0 <s < 1/2. For f € F,
we define the intertwining operator

(Af)(h) = / F(w(n()h)dy.
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By (10.5), the integral converges absolutely for every & € S and Af € F;, ..
Therefore, it is clear that the form

(15.4) < for fr >= / (Afs)(wn (@) Fr(wn(z))dz

is a nonzero S invariant hermitian form, hence is a scalar multiple of an S
invariant inner product. We have

(A9 wn(@) = [ fun(yon(a)dy
= [ sten(u) 1 a(-y™)sty™ yon(—y™" + )y
= [@siglul* funz - )dy
155)  =lin [10) Sl Vi - peMay
= limy [ () sgnlyl e [ V(e ez
= lim Vf(z)e”m( IR0 s"igl(y)lyls“6‘2”“"“""dy> dz

40

= lim f/f (z)e?miez

§—=0
00 0
(/ ys—le(—27riz-6)ydy+/ i(—l)”+1|y|s_le(_2"iz_6)ydy)dz.
0 —00
Now by [14] (1.5.1),
© I'(s)
51 (—2miz—8)y - N\
/0 y e ay (0 +2miz)s

and 0
. 1 (—2mi : L'(s)
_1 n41(,,1s 1(21r2z+6)yd =i(=1 'IH-l______‘
[ it y=i-)™ s

Using the dominated convergence theorem we get that

(Af)(une) = lim [ V5616 (Gams +il-1™ e )ds

= /Vf(z)ez”i“r(s)((.?wiz)‘s +i(=1)" (2miz)%)dz
:/Vf(z)e2m'zz(2ﬂ.{zl)—sr(s)(esign(z)isn/z

+ Z’(_1)7?+le—sign(z)is1r/2)dz‘
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We let

(15.6) Ay s(z) = D(s)(esiEn(ism/2 o j(_qyntle=sign(z)ist/2),

then we have

(157) (A wna)) = [ V(20 @nla) =y (2)dz

or, more generally,

(158)  (ANwn(a)) = N2 [ TP @nldel) Ao (02)d

Let ut be a character of Z extending the central character of ¢ = &, ;- and let
T = Tumir = Ind(G*,G,0 ® p), realized on the space F, which is a space of
functions F: G* x G — C satisfying (13.1). Then by (15.4) and by Lemma 12.2,
there exists a scalar 8 such that

< By, Fy >=p /(AFQ)(wn(a:),e)Fl (wn{x),e)dz

+8 [ (AR wn(e), o) Frluwntel,en)ds
is a G invariant inner product on F,. Here Fy, F» € F, and
(4F)(g",9) = [ Flun(w)g" o)dy

for every g* € G* and g € G. Using (15.8), (13.6) and (13.7) we get
< By, Fy >=BA\[/2 / ) / V2 ()7 (2 Ae])~* Ay o(\2)dedz

+,6’|/\|1/2/m/VF2 e, (2) )e 2T (9| Az|)” SAy.s(—A2)dzde
(159) =B / T, ()73 (2)@nAal) Ay (A2)dz

18 / A @V (D) @rAz]) Ay (~A2)dz

=580 [ W (IWE (1) 2

B(2m) A5 Ay (—N) / Wi, (tz) Wi (H2)d" 2

To give a choice of 3 such that the form above is positive definite, it is enough
to make sure that the coefficient of W};(t(z))W;?1 (t(2)) is positive. Hence we
can choose 8 = A, 5(A) or 8= A, 5(N)™?
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15.3. DISCRETE SERIES. If 7 is a holomorphic discrete series and A > 0, then
Wg =0 for every F € Fr. Hence (15.1) reduces to the form

(15.10) <F By >=ct / Wi (4(a))WE (ta)d"a

It is clear that if the form above is positive definite, then ¢t > 0 and we
can choose ¢t = 1. On the other hand, it follows from Theorem 13.2 that if
Wi (t(a)) = 0 for every a € R*, then Wi =0, hence the form above is positive
definite. By Remark 15.1 it is enough to show that <, > is invariant under w,
that is, < Fy,wFy >=< w™1F, Fy > for every F, F» € F, satisfying the above
growth conditions. To do that we shall use Theorem 13.2 and Corollary 13.5.
We have

< Fi,wF; > / Wi (¢(5)) md*
= [ W @)W oy
(15.11) = [w (t(b))( [ 35 t@urta)w (and-a)
- [WEG@)( [ 323w s wh o)) da
= / W (t(a)) Wi, (Hayw™)d*a

=<w lF,F>.

Similarly for A < 0, where W, will replace WI',’:, and j; , will replace y:;
The anti-holomorphic discrete series will work in the same way. We can restate
this result in the following way:

THEOREM 15.2: Let 7 be a discrete series representation of G. Then the form

< B Fy>= / Wi (¢a))WE (tHa))d"a + / Wi, (t(a)) W, (ta))d"a

is a nonzero, g-skew invariant inner form on the space of K -finite vectors in F.
Hence it is a restriction of a G invariant form to this space. Here Fy,Fy € Fy,
and we note that for each fixed 7, one of the integrands in the above formula is
identically zero.
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16. Inner product for SLs(R)

In this section we translate the inner product formulas proved in the previous
section for representations of S to inner product formulas involving Whittaker
functionals. These formulas are needed for future work and will not be used in
the rest of this paper.

If (7, F) is a representation of G with an invariant inner product <,> on F
and W is an S invariant subspace of G, then the restriction of <, > to W gives
an invariant inner product on W. In this way we can use the inner product
formulas on irreducible representations of G to get inner product formulas on
irreducible representations of 5. This is only needed for the discrete series since
in the other case we already have available inner product formulas.

We fix A # 0 and let 9y (z) = €*™*. If f is a function on G we set

- / f(wn(@)p-x (@)de

16.1. PRINCIPAL SERIES. Let s € iR and 5 € {0,1}. Let o,,; be the repre-
sentation of S defined in Definition 10.1 actingon F,, .. If f € Fs,.. then LM f)
above is defined via analytic continuation or via a principal value integral. In
either case we have

LX(s(a)f) = v(a)(sgn(a))"lal' ~L*(f).
Let fi, fz € Fs,.. By (15.2) the following is an S invariant inner product:
<fufe>= [ PRTTED
(16.1) = / IAalL (£1)I29* (f5)da + / IAa|L=29 (f,) L% (f3)da
= W[ L 6@ TE@R e+ N [ L) ) T G@ '

16.2. COMPLEMENTARY SERIES. Let s € R and n € {0,1}. Let F; , be
the appropriate representation space. Then using (15.4), (15.7) and similar
arguments as in the principal series case, we get that the following is an S
invariant inner product on F,, ,:

< fiofa>= / L*(s(a)fnws(a)fz')d*a

25 [ s
where A, ;()) is defined in (15.6).

(16.2)
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16.3. DISCRETE SERIES. Let s € 1/2+ N and 5 € {0,1}. Let F5, , be the
appropriate representation space. Then using Theorem 15.2 and the vanishing
of certain Whittaker functionals, we get that the following is an S invariant
inner product on the space of K-finite vectors in 73, _:

(16.3) <fifo>= / Ns(@) )P (@ fa)d"

Here, we need to take A > 0if 0, , is a holomorphic discrete series representation
and A < 0 if 0y, is an anti-holomorphic discrete series representation.

17. Bessel distributions on GL,(R)

Let (m, H) be a genuine, irreducible, unitary representation of G on a Hilbert
space H and let < v,w > be a nonzero G invariant inner product on H. For
every continuous functional L : Hy, — C and every f € C°(G) there exists a
unique vector vy 1 € Hy, such that

(17.1) L(n(f)w) =< w,vs > for every w € H.

Let pr be the central character of 7 and let u* and u~ be extensions of u, to
7 as defined in (13.3). Fix ¢ = o a nontrivial character of N. Let Lt and
L~ be (v, p") and (v, p~) Whittaker functionals respectively. We assume that
they are nonzero if possible. By (15.1) we can normalize L* and L~ so that

<v,w >= /WJ(t(a))WJ(t(a))d*aJr/Wv‘(t(a))WJ(t(a))d*a

Here W} () = L (n(g)v). We define the distributions J:w and J_, on C2(G)
by

(17.2) T () = LH(og,p4),  J7,(F) = L (vy,0-).

LEMMA 17.1: Let u € Hy, be such that W, (t(a)) = 0 for alla € R*. If 1 is
a discrete series representation then we assume that W} (t(a)) has a high order
of vanishing at a = 0. Then

[ ot wanda= | fowi @a

The proof is the same as the proof of Lemma 7.1. It is clear that we can
replace pyt with 4~ in the above lemma. We define the distributions

a3 I = [ e@e 0= / J25 (@) f(@)dg.
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LEMMA 17.2: Let u € Hy, be such that W, (t(a)) = 0 for all a € R* and such
that W} (t(a)) has a high order of vanishing at a = 0. Then

/ * (or(H@) W (ta))d"a = / H@W? (@)da.

The proof is the same as the proof of Lemma 7.2. We replace (6.2) in the
proof of Lemma 7.2 with Theorem 13.2.

COROLLARY 17.3: Let f € C°(G). Then
J:,qp(f) = j,tzp(f% J,,_,,p(f) = j;,ﬂf)

Proof: The proof is the same as the proof of Corollary 7.3 using Lemma 17.1
and Lemma 17.2. |

18. Bessel distributions on SL;(R)

In this section we show that the Bessel distributions on § = SLy(R) are given

by Bessel functions which are restrictions of Bessel functions from G = GLy(R.).
Let (o, W) be a genuine, irreducible, unitary, representation of S on a Hilbert

space W. We assume o has a nontrivial ¢ = 1, Whittaker functional L. We

note that any o has a nontrivial ¥, Whittaker functional for some A € R*.
Let p be the unique character on Z which is trivial on Z?2 and agrees with

the central character of ¢ on the center of S. Let 7 = Ind(u x 0,G*,G) be the

representation of G associated to o as in Section 12. Let F, be the space of .
We can write F = Fp, = Ff & F,; where

Ff={ve Fp:n(zv) =pt (), forallze Z),

and F is defined similarly. S stabilizes ;7 and we can identify 7} with W.
We also identify W, with F%, which is the subspace of smooth vectors in F}.
We also have that

Foo =FL O Fy.

Given our ¢ Whittaker function L on Fo, we define a (1, u) Whittaker func-
tional L* on F,, by setting L™ = L on £} and LT = 0 on F .

Let < v,w > be a S invariant inner product on W. We can extend <, > to a
G invariant inner product on F; so that <, > is the same on F}, and so that F*
is orthogonal to F~. We normalize L* (by normalizing L) so that (15.1) holds
with ¢t = 1. For each function ¢ € C°(S) there exists a vector vy € Ff
such that

L(o(d)w) =< w,vy,p > forall w € F*.
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We define the distribution J, , on C°(8) by

Jop(9) = L(vy,L)-
THEOREM 18.1:
Jou(9) = /S v (8)¢(3)ds

where 7 is the induced representation of G defined above.

Proof: Fix ¢ € C®(S). Let Z2 = Z2 x +1 be the center of G and let U C
Z? C Z? be a small open set around the identity element [e, 1] such that the
mapping (3,z) — 5z from S x U — G is an injection onto an open set in G. Let
a € C2(U) be such that [,, a(z)dz = 1. We define & € C(G) by

&(a) = | #(3)a(z) ifg=35zfor5€ S andz€U;
(9 = .
0 otherwise.

It is clear that ® € C°(G). Since u is trivial on Z2, it follows that for every
weF+

w@u= [ S@r@uds= [ [ s@a@o e udsd: = (@),
It follows that v ¢ = vi+ ¢, hence Jy 4(¢) = J;'ﬂp((b). By Corollary 17.3,

7@ = [ @e@ds = [ it @oads [ aeute)d:
- / ST )G
S
We now define
o (3) = Jo g 3) = 4o (3) = 375 5)

where 7 = Ind(g x 0,G*,G). For f' € C>(S), we define as in [11] the orbital
integral

(18.1) 0130 = [ [ sn@gn)vevty)ddy.

COROLLARY 18.2: Let ¢ be a genuine irreducible unitary representation of S
with a nonzero ¢ Whittaker functional. Then

Towlf') = / o ws(@)ONY (ws(a))lafd"a.

We conclude this section by listing the values of j, \(ws(a)) for the various
irreducible unitary representations of 5.



64 E. M. BARUCH AND Z. MAO Isr. J. Math.

BESSEL FUNCTIONS ON S. Let ¢ = 1.
(o= Onar , T €ER.

Jop(ws(a)) =

A2 (o) sign(@)) ol =" sz (e /2 + (= 1) ™16/, (4 Nfal )
+(_e(7r'r)/2 + l’(_l)")e—(ﬂ"’)/2)J (—47r|/\||a| 1)]

if A >0;

1)\|1/27(a)(sign(a))”|a|“1m{fTT)[(e(”)/? +i(=1)"1e=("/2) J; (47| A||a| 1)
+(—e= (/2 4 4(—1)ne(™)/2) J_; (—4n|A||a| V)]

if A<0;
(2)o=0y,,5€R,0<5<1/2.

Jop(ws(a)) =
l)\|l/2'y(a)(sign(a))"la|—1ﬁ;[(e(ms)/z +i(—l)""’le—(”s)/z)Js(47rl)\||a|‘1)
+(=e~(M9)/2 4 §(—1)me(Tis)/2) J_ (~dm|A||a] )]

if A >0

A2 (a) signla))lal * grrioplle™ Ti9/2 +i(=1ymelrio)2)J, (g a] )
+(—elm2 4 {1y ) I (~dr{A )]
if A <0;

(8o =06,s,8€-1/2+N,s€ —v+2N.

(18.2) Jow(ws(a)) =
{2|)\|1/2 v(a)(sign(a))|a| ! E<e73"/2 I (47| A||a| ™) if A > 0;
0 otherwise.

4)o=6ys,8€-1/2+N,sev+2N.

(18.3) Jou(ws(a)) =

{ —2|A|Y/2y(a)(sign(a))"|a| ! - e3™i5/2 ] (4m|A]|a|7Y) if A < O;
0 otherwise.

19. Bessel identities

In this section we establish a correspondence between irreducible unitary rep-
resentations of G = PGL2(R) and S = SL,(R) by deriving identities between
their Bessel functions. This correspondence is in fact the Waldspurger corre-
spondence which was established in [21] using theta correspondence techniques.

Fix an additive character ¥ = ¢, of R given by v¥(z) = €2™** with A # 0.
Let D € R* and let ¥?(z) = ¥(Dz). Let y(z,%") be the Weil factor defined
by

'y(x, ¢D) — (2D)—1/2esgn(>\Dz)‘m’/4‘
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Let o be an irreducible unitary representation of S which is not a Weil represen-
tation r;z. If o has nontrivial ¢?-Whittaker functional, then its Bessel function
Jo,up is defined as in Theorem 18.1 and the discussion below it. We change
the normalization of j, ,p by changing the normalization of ds. We will fix
ds = |a|~2d zd}adyy on the set of elements of the form n(z)s(a)wn(y). This
will introduce an extra factor of | D|~!/2 to the formulas in Section 18 where we
replace ¢ = 1y with ¥ = ¢\p. Define a transfer factor

(19.1) Ap,y(x) = v(z,¥P)p(2D/z)|z|'/2.

Let 7 be an irreducible unitary representation of G.

Definition 19.1: We say that an irreducible genuine unitary representation o
of S corresponds to 7 if the following equality (Bessel identity) holds:
_ Apy(2)e(m,1/2,9)|2D| .

(192)  inylnla/4D)up) = “2ET I o ws(a)

for all z € k*

The following theorem is the main theorem of this paper. Let 7, ; be the rep-
resentation (or irreducible subrepresentation) of G induced from the character
(1, 1) of the Borel B with u(z) = |z|*(sgn(z))” and Re(s) > 0,1 € {0,1}. Let
0y.s be the representation (or irreducible subrepresentation) of S induced from
the character u' of the Borel Bg with u'([z,€]) = ey(z)(sgn(z))"|z|*(sgn(z))"
and Re(s) > 0,7 € {0,1}. (See Section 10.)

THEOREM 19.2: For each irreducible admissible unitary representation © of G,
there exists a corresponding representation 7' of S satisfying the Bessel identity
(19.2). The following diagram describes the correspondence:

G S
Ty,s O(2n—1+sgn(AD))/2,s ifse iR: or0<s< 1/2;
Tnd—1/2  O(i+sgn(AD)(~1)4+1)/2,d~1/2 ifdeN.

Remark 19.3: We took the approach of using the Bessel identity to define the
correspondence. It is easy to check that ¢ = O(m,¥?), where O(x,9P) is
the theta correspondence used in [21]. Thus the Theorem is equivalent to: if
7' = O(m,1P), then (19.2) holds.

Proof: The proof is a simple comparison between the formulas in Corollary 8.4
and the formulas at the end of Section 18. To verify the equality, we note that
by [9] p. 2.27 (122), if # = 7, s with s € iR or 0 < s < 1/2 then €(m,1/2,¢) =
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(=1)"; and by [9] p. 2.29 (133), if 7 = m 4_1/ With d € N then €(r,1/2,9) =
(-1)¢. [

We can now prove an identity in the level of distributions. By [11], for each
f € C(G) there exists f' € C(5) such that
(193) 07 (n(a/4D)wo) = O35> (ws(a))¥(~2D/a)laf* (e, 7) "

for all @ € R*. (See (3.24) and (18.1) for the definitions of these orbital inte-
grals.) Hence using Theorem 5.3, (3.25), Corollary 18.2 and Theorem 19.2 we
get:

THEOREM 19.4: Assume that f and f' satisfy (19.3) and that = and o corre-
spond as in Theorem 19.2. Then

(19.4) Lew(f) = Joyo (f)e(m,1/2,9)|2D|*/?/ L(7,1/2).

20. Appendix 1: Bounds on classical K-Bessel functions

We will need some bounds on classical K-Bessel functions. These bounds will
follow from the following integral representation ([14], p. 140): Assume Re(v) >
—1/2 and |arg(z)| < 7. Then

_(F\YE__eTF ® s wo1/2 5 V12
(201) K,,(Z) = (5) _1:‘(74‘1—/2)/0 e 8 (1 + 2_2—) ds.

LEMMA 20.1: Assume that v is in a compact set Q) in the region 0 < Re(v)
< 1/2 and that z # 0, Re(z) > 0. Then

K, (2)] <<q |o|7H/2e~ Rel2).

Proof: By taking the absolute value in the integral representation (20.1) we
get
—Re(z2)

-1/2
K@) << el e |

o= gRe(v)— 1/2|< = )”"1/2lds.

Since
|wv—1/2| — I,w|Re(u)-—1/2e— arg(w) Im(v)
(here | arg(w)| < 7) and since » is in a compact set () as above, we get that

|wu—1/2| <<q |,w|Re(u)—1/2‘
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We set w =1+ s/2z. Since Re(z) > 0, we get that {w| > 1. Since Re(v) < 1/2,
we get |w”~1/2| <<q 1. Hence

00
|KV(Z)1 <<q Izl——l/?e—Re(z)/ e—ssRe(u)—1/2d8
0

= |2|7Y/2e~ReGIT(Re(v) + 1/2)
and the result follows. (We used the fact that both
1/IT(v+1/2)] and T'(Re(v)+1/2)
are bounded on @Q.) 1
We can improve the above result as follows:

LEMMA 20.2: Assume that v is in a compact set @) in the region 0 < Re(v)
<'1/2 and that z # 0, Re(z) > 0. Assume that A = max{Re(v) : v € Q} # 0.
Then

|K,(2)] <<q 2| e~ Re(®),
Proof: The proof follows the same lines as above. We replace the inequality
I(1+ s/22)"~1/?] <<g 1 with the inequality

(1 +5/22) Y2 <<q |s/22] /2.
To get the last inequality, we note that z # 0, Re(z) > 0, and s > 0 imply that

|1+ s/2z] > 1. Hence |1 + 5/22|Re()=1/2 < |1 4 5/22]21/2, Also, |1 + 5/22]
> |s/22|, hence |1 + 5/22|}1/2] < |s/22|*1/2. 1

LEMMA 20.3: Assume that Re(v) > 1/2 and that |arg(z)| < . Then there
exist positive constants Cy, Cy which depend on v (but not on z) such that
|K,,(Z)| < Cl‘zi——l/2e— Re(z) + Czlzl—Re(u)e- Re(z).

Proof: We again use the integral representation (20.1). We will divide the
integration into two regions: From 0 to 2|z| and from 2|z| to co. When s < 2|z|
we have that |1+ 5/22| < 2. When s > 2|z| we have that |1+ s/22| < 2|s/22| =
|s/z|. Hence

1K, (2)] <<y|z|"}/%e Re(®)
2|z} oo
y (/ e——ssRe(u)—l/22Re(u)—1/2ds+/ e—ssRe(u)~1/2|S/lee(u)—1/2ds)
0 2|z|
<<V|z|—1/2e—Re(z)
o0 o0
x (/ e—sSRe(u)—1/22Re(u)-1/2ds+ |le/2—Re(u)/ e—sSQRe(u)—Ids)
0

0
<<,,C’1,u|z|"1/2e_ Re(2) 4 Caulz|™ Re(v) o~ Re(z) '
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From Lemma 20.1 and Lemma 20.3 we get:

CoROLLARY 20.4: Fix v such that Re(v) > 0. Assume that Re(z) > 0 and
that |z| is large. Then
|K,(2)] << |2|7Y2.

21. Appendix 2: Computation of Bessel functions for GL;(R)

In this appendix we give a proof of the kernel formula (6.1) of Cogdell and
Piatetski-Shapiro [5]. Our proof is different from the one which was communi-
cated to us by Jim Cogdell. The proof is identical to the proof of the kernel
formula (13.8) for G which was derived in Section 10, Section 11 and Section 13.
A different proof for this kernel formula in the case of principal series represen-
tations was obtained independently by Motohashi in [15].

We will sketch the details here and refer the reader to the proofs in the above
sections. Let G = GLy(R). Let n € {0,1} and s € C. Let II, s be the
representation of G on the space of smooth functions f: G — C satisfying

(21.1) f(n(z)t(a)2(b)R) = (sign(a))"|al***/2 £ ()

where x € R, a € R* and h € G.

We shall assume that Re(s) > 0. When II, ; is irreducible, that is, s #
d — 1/2 for some positive integer d, we let 7, = II,, ;. When s = d —1/2
and d is a positive integer, then II, ; is reducible and we let 7, s = 7, 4_1/2
be the unique irreducible subspace of I, . Since mg4_1/2 =~ 1 g—1/2, it i
enough for us to consider the case m; 4_1/2. We will only be interested in
the unitary representations: The complementary series representations where
0 < s < 1/2, the principal series representations with Re(s) = 0 and the discrete
series representations g = my g_1/9. It is possible to obtain a kernel formula
for all irreducible admissible representations of GG, but in the nonunitary case
the kernel formula can only be applied to certain vectors in the representations
whose Whittaker functions behave nicely at zero. It will be obvious from our
proofs that such formulas hold in these cases. In the unitary representations
case, the kernel formula should hold for every smooth vector. We will prove
that the kernel formula holds for every smooth vector in the complementary
series and in the principal series and that it holds for every K-finite vector in
the discrete series.

We let V(n, s) be the space of functions Vy, f € my, ; defined by

Vi(2) = f(won(z)).
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As in (10.5), we have that V;(x) and all its derivatives satisfy
V¥ (@) = O(le] 7).
Hence, if Re(s) > 0 and V € V(», s) then we can define

(21.2) Viy) =Viy) = /R V(z)e "W dg.

It follows from standard Fourier analysis that:

LEMMA 21.1: Assume that Re(s) > 0 and V € V(1,s). Then V is continuous,
bounded and rapidly decreasing.

Finally, we shall consider another model for 7, s, which we denote by Vn,s),
consisting of functions V, V € V(n,s). If Re(s) > 0 then V is defined via
(21.2). If Re(s) = 0 then V is defined via analytic continuation of a section
in the following way: Let K = SO(2). A function f,; € II, ; is a section if
the restriction of f; to K is a smooth function independent of s. For every
¢ € I, r, we can choose a section f; € II, ; such that fi,, = ¢. We denote
V, = Vy,, hence Vi, = V. Then

(21.3) Vo(y) = lim Viiy) = Lm [ Vi(z)e 2"%¥%dz
S§—irg

§—31irQ R
where the limit is taken on a compact path from the right of irg. Our aim is to
find an explicit formula of the following nature:

(21.4) woV (b) = (woV)Nb) = /R ks.n(a,b)V (a)d;a.

To do that we shall need the following Theorem. For the proof see Theorem 10.3.

THEOREM 21.2: Let f, € II,, s be a section and let s be in a compact set Q) in
the half plane 0 < Re(s) < 1/4. Let Vs = Vy, € V(n,s) be a section as above.
Then |Vi(y)| << |y|~"/* and V, is rapidly decreasing, independent of s € Q.

We shall also need the following Lemma for the discrete series. For the proof
see Lemma 11.7.

LEMMA 21.3: Let V € V(1,d — 1/2) be a K-finite vector. Then V(a)| =
O(la|**~1) when |a| > 0 is small.
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21.1. COMPLEMENTARY SERIES. Fix 0 < s < 1/2. Let V € V(5,). Asin
(11.4) we use Fourier inversion to write

NN ~2miys o~ 5(|o|+|z| )
V()= Jim [ V(z)e ™7 d.

Now we get
(UJOV)( ) hm /f(won )wo) 27rzzb —5( lelxl_l)d{L‘
hm /f (-2 )z(x)won(x_l))6‘2W1zbe—6(|$'+lzl‘l)da.dx

(215) = 6lim /(—1)”|x|_2s”1e‘2"”be‘6(lzl+l"”l_l)V(z_l)d:t
—0

= lm ( /‘xl—% 1 ,—2mizb —5(|I|+|$|'1) /V(a)e2ma/m da
6—>0+

= lim "‘/(a)<(_l)n/|x|-2s—1e—?wixbeZﬂ'ia/ze—é(leh|-1)dx)da.
50+

Here, the change of order is justified as in Lemma 11.2. Let
ksné(a b) _( 1 /la;l —2s—1,—2mich, 2mia/z —6(|z|+|x|'1)dx
Then for Re(s) > 0 and V € V(n, s) we have

(21.6) wV(b) = lim / U (@)ko .5(a, b)da
50t
By (11.9) we have
ks nsla,b) = (-1)"(K(2s,6 — 2mia, d + 2mwib) + K (25,0 + 2mia,d — 2mib).

Now we use Lemma 21.1, Lemma 11.4, Lemma 20.2 and Corollary 20.4 as
in Section 11.3 (see also the proof of Lemma 11.5) to apply the dominated
convergence in (21.6). We conclude that if V(a) has a large order of vanishing
at a = 0, or if V is a smooth vector in the complementary series, or V is a
K-finite vector in the discrete series, then

(21.7) wV (b) = 61_1)1(!)1+ / V(a)(él_l}l(r)l+ ks .5(a,b))da.
Let ks n(a,b) = lims_o+ ks.5,6(a,b). Then

ks n(a,b) =(-1)"(K(2s, —2mia, +2mib) + K(2s, +2wia, § — 27ib))
—1=28)(~— 8gn({a)—sgn 13 — ggnla s8gN "
(21.8) =(—1)’72Ia/b|'s[e( 1-2¢)(= sgn(a) —ogn(b)) Ko, 471-\/— £n(a) ogn(b)) )

(—1=2s)(sgn(a)+sgn(db))mi {sgn(a)~—sgn(b))xi
+e 4 Kos(4m/|able 1 3
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21.2. PRINCIPAL SERIES. As in Section 11.4 we fix s € C such that Re(sp) =
0. We fix Vy € V,,,. Then there exists a section V, € V; ; such that V;, = V;.
By (21.3) and (21.7) we have

(21.9) wVs, (b) = lim | ks n(a,b)V;(a)da,

§—8p

where the limit is taken on a compact path to sg coming from the right. Now
we use Theorem 21.2 and bounds on k; ;(a,b) in Section 11 exactly as in Sec-
tion 11.4 to apply the dominated convergence theorem in (21.9) and get

wV,, (b) = / kso,n(@, b)Vs, (a)da.

21.3. DiscrRETE SERIES. For the discrete series we use Lemma 21.3, and
the bounds on k,  5(a, b) from Section 11 to apply the dominated convergence
theorem in (21.6) and get (21.7).

21.4. GENERAL FOURIER TRANSFORM. We can generalize (21.4) in the fol-
lowing way. Let A € R* and let f> be the A-Fourier transform of f as defined
in (2.2). Let dyz be the measure defined in (2.1). Then

(21.10) o) = N2 A w/).
Therefore if V = V; is as above, we have

X" 2w VA (b/A) = |A7! /ks’,,(a, bV (a/N)dxra.

Hence

woeVA(b) = |A|1/? / ks »(Aa, Ab)V* (a)dxa.
We define
(21.11) kxn,s(a, ) = [A]Y2ks »(Aa, Ab).

Then for V = V; as above we have
(21.12) woV(b) = /kxm,s(a, bV (a)da.

21.5. A KERNEL FORMULA IN THE WHITTAKER MODEL. We now translate
this kernel formula into the Whittaker model. For every f € 7, ; we define

Wina(g) = / f(won()g)e ™ dsz.
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The integral converges or is defined by analytic continuation. We have
)= [ Hwon@t@)e > ds

(21 13) /f(t —1 UJOn(:pa 1))6—27ri>\zd)\x

= (sgn(a)"|al"/* / flwon(@))e ™ Nedyz

= (sgn(a))"|al'*~* V7 (a).
Now rewriting (21.12) using the above formula we have
(sgn(b)")[b|° Y 2Wy  (t(b)wo) = /kA,,,,s(a,b)(sgn(a))"[als‘1/2Wf)\(t(a))dxa.

Writing this in the form

Wia(tbun) = [ Jynela Wy (ta)d'a
we get that
J)x,n,s(aa b) = (Sgn(ab))n|a/b|s—1/2kz\,n,s(aa b)
Thus
In,s(a,b) =(=1)"|A| sgn(ab))"|ab|'/>

(—1—23)(— sgn(Ara)—sgn(Arb))ni sgn(la)+sgn(Ab))mi
(21.4) x [e ; Koo (4m|\|y/Jable 22 mm izt y
{(—1-2s)(sgn(Aa)+sgn(Ab))ni sgn(Aa) sgn(/\b))wz
e 1 Ko (4m|A|+/|able )]

It is easy to check that:

LEMMA 21.4: Jy s n(a,b) = Q(ab) for some function @, that is, Jy s (a,b) =
J,\,s,n(ab, 1).

We define a function jy y,.: BwoB — C by

Irms(t@wo) = Jxn,s(2, 1),
iams((y)2(Q)t(@)won(z)) = 27y (t(z)wo).

We have

(21.15) dams(t(@)wo) =
2= 1)TA[2[z[1/2 (e — ¢ T Ky (4| /o)
if x>0

21NV 2|z[1/2 (Ko (4m|Miy/1a]) + Kas(—4m|Aliy/]2]))

= o2 iy (—e*™ — €=) (Jas (4 Al /Jo) — 24 (4N /T2)
if x <0.



Vol. 145, 2005 BESSEL IDENTITIES 73

That is

(2116) j)\,n,s(t(x)wO) =
4(=1)"|\2|z|'/? cos(sm) Kas(4m| Ay /]2]) ifz>0;
|A|1/2|z|/2 Sin—(;rs) (Jos (@i A|V/|z]) — J—2s (47| Aly/|2])) if z < O.

22. Appendix 3: Fourier transform and relative Bessel functions

We recall some formulas from [6]:

o0
/ ™ V2K, (az'/?) cos(zy)dz =
0

3/2 2
~ Toreoson g (5 55 )

2 2

+Yo(ggr) > (3 5317 1))

x>
/ ~V? Ky, (ax'/?) sin(zy)de =
0

23/2 o2 2

- sgn(y)—————4 o osrm) (Ju(w) cos (%71 - 8i|y—| - %)

() (),

0 oo
/ lz| 7Y% J, (a|z|'/?) cos(zy)dx = / 2712 ], (ax/?) cos(zy)dz
0

-~ 00

1/2 2 2

0
/ |x|—1/2J,,(a|a:|1/2)sin(xy)d:v
-0

= —-/ 712, (az'/?) sin(zy)dx
0

r1/? vk a? 7 a?
&) sin (- 8 1) "/2(8|y|>
Consequently we have
2

0 1/2 2 .
. m at _ym k.l a
(22.1) / z _1/2J,,(a z 1/2)e”7”dx =W~ - 4)1J,, — 1,
__00' , l l ,/ly‘ /2(8|y|)
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13/2
4+/|y| cos(vr)

(Sgn(y SEW) (o — 5+ J(

o0
/ x"l/ngu(axl/z)e”ydx =-
0

2
8lyi)
R S (BIZI))

Now define o
fw) = / f(@)é*vde,
0

where dz is the standard Lebesgue measure, and

f-A(y) — / f(l')e27ri)\$yd)‘x.
0
Then we have
Py = |/\|1/2f(27r)\y).
Hence we have
(—1)"/ 4AY2 cos(sm)z ™2 Ky (4m|A|21/2)e2m A0V g 1
0
73/2
4 27| A|ly| cos(sm)

. sgn(Ay)(—,Jy-rl—ﬂ+ )z m|A|
X (sgn(/\y)ze 2 ( vl )

1/2 o
=(‘1)n+1l/\l2!y7lr(sgn(/\y) oS0 Ay)(ﬁ-—+ Vg <7TII/TI)

O Dy, ( IMI!»

=4(—1)"1| | cos(s

e v
2l sin(ns)

[(sgn(/\y)zesg““y)(“m+“) sin(rs) + BN FHE) cog(ns))

XJS(WI/\I) SOV 43 7 (7r|)\|>]

lul lyl
=(—1)m _l_M“__e T (esgn(ky)(”—’z”ﬂ'%) J, (M)
2|y| sin(7s)

=(_1)77+1 ‘)\ll/zﬂ‘ mAi
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and

0 — .
[ DIl G arA D) = T-as (D)5
-0
r Al sz _nys (7N
— A= SO - -5)i g
| Ism(7rs) 1/271—|)\||y|( s( |y )

_ esgn(y)(fﬂﬁl+%—% s (”Il’?l))

_|)\|1/2 x ( sen(M)(— 5 - )i g, (Wlll)l") BN (F -3y (Wl)\l))

- s1n ﬂs)\/_ly_ ]

Hence using the formulas in (21.16) and the above formulas we get that

x
/ (2]~ e (H@)00) 2™V dr

-0
‘)\'1/271' nAi smiy mi —ami_mi WI)‘!
_ 5 -1 n+lesgn(>\y)( ) esgn()\y)( e AW J
sin(7s)/2|y| [(( ) ! s< )

lyl
+ ((=1)nessm () (=5 axiy ’f,i)+esgn(xy)(“2£—%*))J_s(Zrl_|)‘_||)J
Y
- |/\|1/2 esgn()\y [(( 1)n+1 sgn(y) 252
~sin(7s)/2 |y
. ang Fl)\‘
+ sgn(Ay)ie ? )Js(m—)
+(CDEmOIEED sgnagien o), (T)].
Y

22.1. DISCRETE SERIES. Ifp=1and s =d —1/2 with d € N, then we have

(22.2) Jams(t(@)wo) =

{ Y22 s (Jaa-a (AN ]e]) = T_a—y (dn[AV/fe]) i & < O;
0 if x > 0.

Since sin(rs) = (—1)%7! and J_(34—1)(2) = —J2a-1(z), we get that

(22.3) jA,n,s(t(l’)wo)Z{( 122N 27|z /2 Joa 1 (4| /]2]) lfxig
I r



76 E. M. BARUCH AND Z. MAO Isr. J. Math.

Hence we have

0
/ (=122 A1 2x o2 Ty (4mAy/ a2 NV o
—00

/\1/27l' 2 MI _,,,
= ()R e ()

- (sgn(y)z)“fl' B !

23. Appendix 4: General theory of Bessel-like distributions

Bessel-like distributions on a reductive group G were defined by Gelfand and
Kazhdan [8] and by Shalika [17]. We shall define the same distributions using a
“trace class” approach.

Let H be a separable Hilbert space with an inner form <, >. Let A, 8 be linear
functionals on H (not necessarily bounded). We say that (A, 3) is a summable
pair if there exists an orthonormal basis f;, 1 = 1,2..., such that

(23.1) S TIAS)B)] < 0.

i’j
LEMMA 23.1: Assume that (A, 8) is a summable pair. Let e;,i =1,2..., be an
orthonormal basis. Then

(23.2) S(\,B) = Z Aei)Bles)

converges absolutely and is independent of the orthonormal basis {e;}.
Proof: Writing e; = ) < e;, f; > f; we formally have

(23.3) Z/\ e;)B el Z)\ f;)8 fk ) < e, fi >< fr,e; >

1J1

We would like to show that the right hand side is absolutely convergent. We
have

1/2 1/2
Zl<ez’f] ><fkvei>|s (Z‘ehf]>|2) (Z'fkvei>|2> =1a

hence

STINE)BUE) < eir fi >< fires > 1 <Y INEBUe)] < 00,

4,5,k ak



Vol. 145, 2005 BESSEL IDENTITIES 77

since (), §) is a summable pair. This implies that (23.3) holds and that the left
hand side of (23.3) converges absolutely. To show that it is independent of the
basis we use the following equality:

S SIS MEBG) < e f; >< froei > =D > Aew) < fies > B(Fx)
k 1 j k ]

J

(23.4) =Y MfB(fr).m
k

COROLLARY 23.2: If (A, A) is a summable pair, then X is a bounded linear
functional on H.

Proof: By Lemma 23.1, S(\,)) = 3. |A(e;)|? < oo and this sum is independent
of the orthonormal basis {e;}. Assume that ) is not bounded. Then there exists
a sequence of unit vectors v, € H,n =1,2... such that |A(v,)| > n. Since each
vector v, can be part of an orthonormal basis, it follows that S(\,A) > n? for
every positive integer n. Hence S(A, ) = co, a contradiction. 1

23.1. BESSEL-LIKE DISTRIBUTIONS. We shall now apply the previous dis-
cussion to the case of admissible representations of reductive groups over local
fields.

Let k be a local field and let G be the k points of a reductive group defined
over k. Let dg be a fixed Haar measure on G. The space C°(G) is the space of
compactly supported, smooth functions on G if k is archimedean, or the space
of compactly supported, locally constant functions if k is non-archimedean. Let
(m, H) be an irreducible admissible representation of G on a Hilbert space H.
For ¢ € C°(G) we define the bounded linear operator 7(¢): H — H by

(@) = /G 8()m(g)vdg.

Let Hy = {n(¢)v|f € CX(G),v € H}. If k is archimedean then we topologize
Hy in the usual way. If k is non-archimedean then we give Hy, the discrete
topology.

Let A be a continuous functional on H., and ¢ € C®°(G). We define the
functional Ay on H (see [17]) by

As(v) = Mr(p)v), veH.
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LEMMA 23.3: Let A, be continuous linear functionals on Hy,. Let ¢1,¢3 €
C(G). Then (\y,,Bs,) is a summable pair.

Proof: If k is non-archimedean, then 7(¢;) and 7(¢2) are of finite rank and
the proof is immediate.

Assume k is archimedean. We shall assume for the moment that G is linear
and connected. For the general case the proof will follow the arguments in [23]
8.1. Let K be a maximal compact in G and ¢ be the Lie algebra of K. Let Z(tc)
be the center of the universal enveloping algebra of €c, the complexification of
t. We write Hx = @, H,, where Hy is the space of K finite vectors in H, 7 is
an irreducible, finite-dimensional representation of K and H is the 7 isotypic
component of Hy. Since 7 is admissible, H; is a finite-dimensional space. Let
{vi} be an orthonormal basis for H,. For z € Z(kc), we denote by x,(z) the
value of the character of 7 on z. We have

D g (03B, (v = D IA(m(¢1)vi) B (2)05)|

4 2%

=[x (@) 7Y I (1) m(2)v) B (g2)v5)]

(&

= x-(2)| 7Y Z (T (261 ):) B(m(d2)v;)|

< xr (2)] 7 dim(H )| Azg, 111 B -

The proof now follows from the proof of {13] Theorem 10.2 or [23] Lemma 8.1.1.
|

COROLLARY 23.4 ([17] Proposition 3.2): Let A be a continuous functional on
Hy and ¢ € C°(G). Then the functional A4 is a bounded linear functional on
H.

Proof: By Lemma 23.3, (Mg, \y) is a summable pair, hence by Corollary 23.2,
A is bounded. |

We define the distribution B) g by

By a(é1,02) = S(Xg,5B4,), 91,92 € CZ°(G).

Let ¢1,02 € C°(G) and z € G. Define

Ro(61)(9) = #(gz), $1(9) = du(g™")
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and

61 * da(z) = /G $1(g)da(g ™ 2)dg.

Assume now that 7 is unitary (and irreducible). Let <,> be a G invariant
inner product on H. Since 7 is unitary, it follows that if {e;} is an orthonormal
basis for H, then {m(z)e;} is also an orthonormal basis of H. Therefore by
Lemma 23.1 we have B) g(R;¢1, Rz92) = Bag(¢1,¢2) for all z € G. Hence
there exists a unique distribution Jy g on G such that

(23.5) By s(¢1,02) = Jr5(d1 % ).

We call Jy g a Bessel-like distribution. A distribution of this type has been
constructed in {17] p. 184. We now recall this construction and show that
it agrees with our construction. The construction in [17] works for general
admissible representations (as opposed to unitary representations in our case).
It is possible to extend the discussion here to such representations. However,
since we are only interested in unitary representations we leave this construction
as an exercise. A hint can be found in [1] Lemma 6.1.

Recall that by the Riesz representation theorem, every bounded linear func-
tional A on H is associated to a unique vy € H such that

Au) =< u,vy >, u€H

LEMMA 23.5: Let (), B) be a summable pair of bounded linear functionals. Let
S(A, B) be defined as in (23.2). Then

S(A, B) =< vg,ux > .

Proof: Let {e;} be an orthonormal basis for H. Then vy =Y, < vy, e; > ¢; =
S Ae)e; and vg = 3 < vg,e; > e, = Be;)ei. Hence

<Ug, U\ >= Z)\(ei)m. ]
COROLLARY 23.6: B\ g(1,92) =<wg,,, v, >-
COROLLARY 23.7: Jx 5(8) = A(vg;) = B(va,)-
Proof: We have that

Jk,ﬁ(¢1 * &2) = Bx,ﬁ(¢1,¢2) =< Ugy, Uy, 2= Agy (Uﬁ¢2) = )‘(ﬂ'(¢1 )Uﬂ¢2)‘
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It is easy to check that m(¢1)vg,,
In a similar way we get that

= VB, iy hence we get the first equality.

Ip($r % do) = Buagy,.,-)-

Since (g2 * ¢1)" = ¢y * é2 we get the second equality. ]

Using the above form for J we can express J as a sum as in Lemma 23.5. Let
{e;} be an orthonormal basis of smooth vectors. Then

(23.6) Ins(f) =D Aw(feq)Bles).

Remark 23.8: Assume that k is archimedean. It is easy to see, asin [17] p. 184,
that the distribution J) g is an eigendistribution for the center of the universal
enveloping algebra of g, the Lie algebra of G.
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